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! Abstract 

f-H . Let ^ be a manifold. The classification of all equivariant bilinear maps 

I between tensor density modules over X has been investigated by Yu. Groz- 

' man [Gl| , who has provided a full classification for those which are differen- 

' tial operators. Here we investigate the same question without the hypothesis 

^ ' that the maps are differential operators. In our paper, the geometric context 

is algebraic geometry and the manifold X is the circle Spec C[z, Z~^]. 

T-H , Our main motivation comes from the fact that such a classification is 

1^ I required to complete the proof of the main result of |IM| . Indeed it requires 

' to also include the case of deformations of tensor density modules. 
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Introduction 

The introduction is organized as follows. The first section is devoted to the 
main definitions and the statement of the Grozman Theorem. In the second 
section, our result is stated. In the last section, the main ideas of the proof 
are explained. 

0.1 Grozman's Theorem: 

Let X be a manifold of dimension n, let Wx be the Lie algebra of vector 
fields over X and let M, N and P be three tensor density modules over X. 
The precise meaning of tensor density module will be clarified later on and 
the geometric context (differential geometry, algebraic geometry, . . . ) is not 
yet precised. 

In a famous paper [Glj . Yu. Grozman has classified all bilinear differen- 
tial operators w : M x N ^ P which are W^-equivariant. Since differential 
operators are local [P], it is enough to consider the case of the formal geom- 
etry, namely X = Spec C[[zi, . . . , Zn]]- The most intersting and difficult part 
of Grozman's theorem involves the case where dimX = 1, indeed the general 
case follows from this case. 

Therefore, we will now assume that X = SpecC[[2;]]. For this manifold, 
the tensor density modules are the modules Q^, where the parameter 6 runs 
over C. As a C[[2;]]-module, is a rank one free module whose generator 
is denoted by {dzY. The structure of W/x-module on is described by the 
following formula: 
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for any / G 'C[[z]] and ^ G Wx, where, as usual, = gf, div(^) = g' 

whenever ^ = g— for some g G C[[2;]]. When 5 is a non-negative integer, 

is the space (fi^)®*^, where fi^ is the space of Kalher differential of X. 

The space (Bs can be realized as the space of symbols of twisted pseudo- 
differential operators on the circle (see e.g. |IMj . twisted means that complex 

powers of — are allowed) and therefore it carries a structure of Poisson 
dz 

algebra. The Poisson structure (a commutative product P and a Lie bracket 
B) induces two series of PV^-equivariant bilinear maps, namely the maps 
pSi,S2 . ^<5i X ^ Q<5i+52 and the map B^^'^^ : il^^ x fi^^ ^ xhese 

operators are explicitly defined by: 

P'^''^iMdzY\f2.{dzY') = flf2idzY^+'' 

B'^^'^{fUdzY\f2.{dzy-) = {S2f[f2-Sihmdzy^^'^+' 

Moreover, the de Rham operator is a M/x-equivariant map d : ^ Q^. 
So we can obtained additional Wx-equivariant bilinear maps between tensor 
density module by various compositions of B^^'^^ and P^^'^^ with d. An ex- 
ample is provided by the map B^'^ o (^d x id) : x ^ ^2^+^. Following 
Grozman, the classical PVx-equivariant bilinear maps are (the linear combina- 
tions of) the maps B^^'^^^ p&iM ^ g^^^j those obtained by various compositions 
with d. 

Grozman discovered one additional VTx-equivariant bilinear map, namely 
Grozman's operator G : il^"^^^ x fi^^/'^ defined by the formula: 

G(A.(rf^)-2/3, /2.(rf^)"2/3) = [2(/f' /2 - /f /i) + 3(/f/^ - fifmdz)'/'. 
With this, one can state Grozman's result: 

Grozman Theorem. Any differential Wx -equivariant bilinear map 
71 : fl^'^ X — )■ fl'^ between tensor density modules is either classical, or it 
is a scalar multiple of the Grozman operator. 



0.2 The result of the present paper: 

In this paper, a similar question is investigated, namely the determination 
of all lijf-equivariant bilinear maps it : M x N P between tensor density 
modules, without the hypothesis that tt is a differential operator. Since 
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differential operators are local, we will establish a global (=non-local) version 
of Grozman Theorem. 

For this purpose, we will make new hypotheses. From now on, the context 
is the algebraic geometry, and the manifold X of investigation is the circle, 
namely C* = Spec C[z, 2;"^]. Set W = Wx- Fix two parameters 5, s G C 
and set ps,s{0 = + <^div,^ + i^ag for any G W, where = sz~^dz. 
By definition, fif is the W-module whose underlying space is C[2;,2;~^] and 
the action is given by ps^s- To describe more naturally the action p^ s, it is 
convenient to denote by the symbol z'^{dzY the generator of this module, 
and therefore the expressions {z^^'^{dzY)n^z form a basis of It follows 
easily that fif and fi^ are equal if s — m is an integer. Therefore, we will 
consider the parameter s as an element of C/Z. 

We will not provide a rigorous and general definition of the tensor density 
modules (see e.g. |M2] ). Just say that the tensor density modules considered 
here are the W-modules flf^, where (5, s) runs over C x C/Z. 

As before, there are W-equivariant bilinear maps P^l'i^ '■ x Q^^^ — )■ 
ni\X% and Bi\'^^^ : fif/^ x nil ^ ^niXt^\ as well as the de Rham differential 

: — !■ There is also a map p : — )■ which is defined as 

follows. For u ^ modZ, the opeartor d is invertible and set p = d~^. For 
u = modZ, denote by p : fi^ — )■ n° the composite of the residue map 
Res : — 7- C and the natural map C — rij] = C[2;, 2;^^]. By definition, 
a classical bilinear map between tensor density modules over the circle is 
any linear combination of the operators B^\'^^^, Pul'.il and those obtained by 
composition with d and p. An example of a classical operator is p o P : 

Of course, the Grozman operator provies a family of non-classical opera- 
tors Gu,v '■ ^u'^^^ X Qy '^^^ — )■ ^l^+v A trivial operator is a scalar multiple of the 
bilinear map fij x fij — Q^, (a,/5) h- )■ Res(a)Res(/3). There is also another 
non-classical W-equivariant operator 0oo : fij x fij — > fig which satisfies: 

(i9oo(a, (3) = Res(a)/3 — Res(/3)a 
for any a, /3 G fig- Indeed Goo is unique modulo a trivial operator. 

Our result is the following: 

Theorem: (restricted version) Let X be the circle. Any W-equivariant 
bilinear map between tensor density module is either classical, or it is a scalar 
multiple of Gu,v or 0/600 (modulo a trivial operator). 

In the paper, a more general version, which also involves deformations of 
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tensor density modules, is proved. Set Lq = z—. For a W- module M and 

az 

s G C, set Ms = Ker(Lo — s). Let S be the class of all W modules M which 
satisfies the following condition: there exists n G C/Z such that 

M = ®seu Ms and dim Ms = 1 for all s e u. 
The Z-coset u is called the support of M, and it is denoted by Supp M. 

It turns out that all modules of the class S have been classified by Ka- 
plansky and Santharoubane [KSj )] and, except deformations of Qq and Qq, 
all modules of the class S are tensor density modules. Our full result is the 
classification of all W-equivariant bilinear maps between modules of the class 
S. 

0.3 About the proofs: 

In order to describe the proof and the organization of the paper, it is necessary 
to introduce the notion of germs of bilinear maps. 

For any three vector spaces M, N and P, denote by B(M x N,P) the 
space of bilinear maps n : M x N ^ P. Assume now that M, and 
P are W-modules of the class S. For x G R, set M>2- = (B^s>x Mg and 
N>x = ©sRs>x Ng. By definition, a germ of bilinear map from M x to P is 
an element of the space g{M x A^, P) := lim B{M>x x A^>^, P). 

x—^+oo 

It turns out that g{M x A^, P) is a W-module. Denote by Bw(M x A^, P) 
the space of W-equivariant bilinear maps vr : M x A^ — )■ P, by B^(M x A^, P) 
the subspace of all vr G Bw(^ x A^, P) whose germ is zero and by Qw{M x 
A^, P) the space of W-equivariant germs of bilinear maps from M x N to P. 

There is a short exact sequence: 

^ B^(M X A^, P) ^ Bw(M X AT, P) ^ GwiM xN,P). 
The paper contains three parts 

Part 1 which determines B^(M x N,P), see Theorem 1, 

Part 2 which determines Q^j^{M x N,P), see Theorem 2, 

Part 3 which determines 

Bw(M X A^, P) ^ GwiM X N,P), 

see Theorem 3. 

Part 1 is discussed in Section [51 The map 6oo is an example of a degen- 
erate map. 

Part 2 is the main difficulty of the paper. One checks that dim^w(-^ x 
N,P) < 2. So it is enough to determine when Qw{M x N,P) is non-zero 
and when dim^w(^ x N,P) = 2. We will now explain our approach. 
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The degree of the modules of the class iS is a multivalued function defined 
as follows. If M = f2f for some 5 7^ or 1, set degM = 5. Otherwise, set 
degM = {0, 1}. Next, let M, and P G 5 with 5i e degM, 62 e degN 
and 7 G deg P. We can assume that Supp P = Supp M + Supp N, since 
otherwise x N,P) would be obviously zero. 

We introduce a 6 by 6 matrix M = {mij{6i,62,'y,x,y))i<ij<e whose en- 
tries are quadratic polynomials in the five variables 6i,62,'~f,x,y and which 
satisfies the following property: 

det M = for all x, y if GwiM x N,P)^ 0. 

Set det M = ^j^- Pij{Si, 62, 'y)x^y^ and let 3 be the common set of zeroes 
of all polynomials Pij. Half of the entries of M are zero and only 16 of the 720 
diagonals of M give a non-zero contribution for det M. However a human 
computation looks too complicated, because each non-zero entry of M is a 
linear combination of 9 or 10 distinct monomials. The computation of the 
polynomials pij has been done with MAPLE. 

As expected, pi^a and 1 are degree eight polynomials. It turns out that 
each of them is a product of 6 degree one factors and one quadratic factor. 
Indeed 4 degree one factors are obvious and the rest of the factorizations look 
miraculous. Moreover the two (suitably normalized) quadratic factors differ 
by a linear term. It follows that the common zero set of pi^s and ps^i is a 
union of affine planes, affine lines and some planar quadrics. This allows to 
explicitely solve the equations Pij = 0. Since only the polynomials Pi, 3,^3,1 
and p2,2 are needed, the other polynomials Pij are listed in Appendix A. It 
turns out that 3 decomposes into four planes, eight lines and four points. 

Using an additional trick, we determine when Qw{M x N,P) 7^ 0, and 
when dim Qw{M x N,P) = 2. Although its proof is the main difficulty of the 
paper, the statement of Theorem 2 is very simple. Indeed Q^fil{M x N,P) is 
non-zero exactly when {61, 62, 7) belongs to an explicit algebraic subset 3 of 3 
consisting of two planes, six lines and five points. Moreover, it has dimension 
two iff {<5i,52,7}c{0,l}). 

Theorem 3 determines which germs in Qw{M x N, P) can be lifted to a 
W-equivariant bilinear map. Each particular case is easy, but the list is very 
long. Therefore Theorem 3 has been split into Theorem 3.1 and Theorem 
3.2, corresponding to the case where Q^^v{M x N,P) has dimension one or 
two. 

It should be noted that all W-modules of the class S are indecomposable 
except one, namely A(BC, where A = C[z, z~^]/C In most statements about 
bilinear maps tt : M x N ^ P,we assume that M, and P are indecompos- 
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able. Indeed the case where some modules are decomposable follows easily. 
The indecomposability hypothesis removes many less interesting cases. This 
is helpful since some statements already contain many particular cases, e.g. 
Theorem 3.1 contains 16 of them. 

Acknowledgment . We would like to thank our colleague Jerome Germoni 
for his computation of the determinant det M with the aid of MAPLE. 

1 The Kaplansky-Santharoubane Theorem 

The Witt algebra W is the Lie algebra of derivations of the Laurent polyno- 
mial ring A = C[z,z~^]. Clearly the elements L„ = where n runs 
over Z, form a basis of W and we have 

[Lm, Ln] = {n — m)Lm_|_„. 
Throughout this paper, s[(2) refers to its subalgebra 

CL_i ©CLo ©CLi. 

1.1 Statement of the theorem 

For a W- module M, set = {m G M\LQ.m = zm} for any z G C and 
define its support as the set Supp M = {z & CjM^ ^ 0}. 
Let S be the class of all W-modules M such that 

(i) M = ©,gcM„ 

(ii) SuppM is exactly one Z-coset, and 
(ii) dimM^ = 1 for all z e Supp (M). 

Here are three families of modules of the class S: 

1. The family of tensor density modules fi^, where (5, u) runs over Cx C/Z. 
Here fi^ is the W-module with basis (ef)^^^ and action given by the 
formula: 

L^.ef = {mS + z)el^^. 

2. The A- family (Aa,fe)(a,b)GC2- Here Aa^ is the W-module with basis 
(e^)nez and action given by the formula: 

" 1 (am^ -|- bm)e^ n = 0. 



7 



3. The B -family (-Ba,fe){a,6)ec2- Here Saf, is the W-module with basis 
)nez and action given by the formula: 



and we denote by Res : Aa,b C the map defined by Rese^ = 1 and 
Rese^ = if n 7^ 0. These exact sequences do not spht, except for (a, 6) = 
(0, 0). Therefore the A-family is a deformation of Vl\ ~ Ao,i and the 5-family 
is a deformation of of fig — -So,i- Except the previous two isomorphisms and 
the obvious Aq^ = Bq q = A © C, there are some repetitions in the previous 
hst due to the following isomorphisms: 

1. the de Rham differential (i : 17° — )■ fi^, if m ^ mod Z, 

2. Axa,xb = Aa,6 and ^a^.a;, = Ba,b for A G C*, 

There are no other isomorphism in the class S beside those previously in- 
dicated. From now on, we will consider the couples (a, b) ^ (0, 0) as a 
projective coordinate, and the indecomposable modules in the y4i?-famillies 
are now parametrized by P"*^. Set oo = (0,1) and A-*^ = \ oo. Therefore the 
indecomposable W-modules in the previous list, which are not tensor density 
modules, are the two A^-parametrized families (Ag)^^^! and (i?^)^gAi; as in 
jMP] 's paper. 

The classification of the W-modules of the class S was given by I. Ka- 
plansky and L. J. Santharoubane |KS] . [K] (with a minor correction in jMP 
concerning the parametrization of the Ai^-families) : 

Kaplansky-Santharoubane Theorem. Let M he a W-module of the 
class S. 

1. If M is irreducible, then there exists {u,6) G C/Z x C, with {u,6) ^ 
(0, 0) or (0, 1) such that M ^ f]^. 

2. If M is reducible and indecomposable, then M is isomorphic to either 
A^ or for some ^ G P^ . 

3. Otherwise, M is isomorphic to A © C. 




n + m 7^ 0, 
n + m = 0. 




0, and 
-^0, 
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1.2 Degree of the modules in the class S 

It follows from the previous remark that one can define the degree deg M for 
any M G 5 as follows: 

1. deg M = 5 if M = fif for some 6 eC\{0, 1}, and 

2. degM = {0, 1} otherwise. 

By definition, the degree is a multivalued function. We also define a 
degree of M as a value 6 G degM. Let S* be the class of all pairs {M,6), 
where M G 5 and 6 G deg M. A pair (M, 6) G S* will be often simplified as 
M and set degM := 6. So, the degree function is a single valued function 
on S*. Usually, we consider f2f as the element (f2f , S) of S* for any 6. 

For M e S, let M* be its restricted dual, namely M* = ®^(.cM*. By 
definition, the class S is stable by the restricted duality and we have: 

Lemma 1. (fi^)* = and (A^)* = fi^. 

In particular, it follows that deg M* = 1 — deg M for any M & S. 

2 Germs and bilinear maps 

2.1 On the terminology 'g-equivariant' 

Throughout the whole paper, we will use the following convention. Let q 
be a Lie algebra and let £" be a g-module. When is a space of maps, a 
g- invariant element of E will be called g-equivariant. We will use the same 
convention for spaces of germs of maps (see the definition below). 

When Q is the one-dimensional Lie algebra CL, we will use the terminol- 
ogy L-invariant and L-equivariant instead of g-invariant and g-equivariant. 

2.2 Weight modules and the ©a-symmetry 

A C- graded vector space is a vector space M endowed with a decomposition 
M = ©^6cA^^2 such that dimM^ < oo for all z e C. Denote by H the 
category of all C-graded vector spaces. It is convenient to denote by Lq the 
degree operator, which acts as z on M^. Given M, N E Ti, we denote by 
B.omL^{M, N) the space of Lo-equivariant linear maps from (p : M ^ N. 
Equivalently HomiQ(M, A^) is the space of maps in the category Ti. 



9 



By definition, a Lie LQ-algehra is a pair (0,Lo), where q = (BzecQz is a 
C-graded Lie algebra, Lq is an element of go such that ad(Lo) acts as the 
degree operator. A weight g-module is a C-graded vector space M endowed 
with a structure of g-module. Of course it is required that Lq acts as the 
degree operator on M and therefore we have Qy.Mz C My^z for all z G C. 
Let "Hg be the category of weight g- modules. For M and N inT-Lg, denote by 
Homg(M, A^) the space of g-equivariant linear maps from M to N. 

Given M, and P in "H, denote by B(M x A^, P) the space of all bilinear 
maps 71 : M X N ^ P and by B Lq {M x A^, P) the subspace of Lo-equivariant 
bilinear maps. Similarly if M, A^ and P are in T-tg, denote by Bg(M x A^, P) 
the space of g-equivariant bilinear maps. 

For P G "H, denote by P* its restricted dual. By definition, we have 
P* = (BzecP:, where P; = (P_,)*. 

Lemma 2. Let M, A^ and P in "Hg. We have: 

Bg(M X A^,P*) ^ Bg(M X P, A^*). 

Proof. The lemma follows easily from the fact that 

Bi„(M X A^, p*) = n.+.+.=o m: ® A^: ® p:. 

□ 

It follows that Bg(M x A^, P*) is fully symmetric in M,N and P. This 
fact will be referred to as the symmetry. The obvious symmetry Bg(M x 
A^, P) ~ Bg(A^ X M, P) will be called the &2-symmetry 

2.3 Definition of germs 

For M e "H and x e M, set M>^. = ®^z>x and M<^ = ®^z<xMz, where 
denotes the real part of z. Given another object N E T-L, let Hom°(M, A^) 
be the space of all linear maps (p : M ^ N such that 0(M>a.) = for some 
X G R. Set g{M,N) = Hom(M,Ar)/Hom°(M,Ar). The image in g{M,N) 
of some G Hom(M, A^), which is denoted by ^(0), is called its germ. The 
space g{M, N) is called the space of germs of maps from M to A^. 

Let g be a Lie Lo-algebra and let M, A^ G Hg. It is clear that Hom°(M, A^) 
is a g-submodule of Hom(M, A^) and thus g acts on Q{M,N). Denote by 
^g(M, A^) the space of g-equivariant germs. We will often use the following 
obvious fact: any i/,' G Qlo{M,N) is the germ of a Lo-equivariant map : 
M ^ N, but in general a g-equivariant germ ip is not the germ of a g- 
equivariant map 0. 
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Let M, N ^ H. A linear map (p : M ^ N is called continous if for any 
X G M there exist ?/ G M such that (j){M^y) C A^>x- The germ of a continous 
map (j) is called a continous germ of a map. 

It is not possible to compose arbitrary germs of maps. However let 0, i/) 
two morphisms of H such that the composition ip o(j) is defined. It is easy to 
show that o (p) only depends of G{4>) and Qiip) whenever (p is continous. 
Thus, it is possible to compose the continous germs. 

Since the Lo-equivariant germs of maps are continous, the g-equivariant 
germs can be composed. Therefore we can define the category ^("Hg) of 
germs of weight Q-modules as follows. Its objects are weight g-modules, and 
for M, G "Hg, the space of ^('Hg)-morphisms from M to is Qg{M,N). 
Viewed as an object of the category QiTig), an object M G "Hg is called a 
germ of a weight Q-module and it is denoted by ^g(M). 

When 0>o and 0<o are finitely generated as Lie algebras, there is a 
concrete characterization of the g-equivariant germs of maps. Indeed let 
M,N G Tig and let </> : M — )■ be a Lo-equivariant map. Then Q{4>) is 
g-equivariant iff: 

(i) the restriction cp : M>a, — )■ N^^ is g>o-equivariant, and 

(ii) the induced map (p : M/M<x — N/N<_x is g<o-equivariant, 
for any x » 0. 

2.4 Germs of modules of the class S 

It is easy to compute the germs of the W-modules of the class S. 

Lemma 3. For any ^1,^2 £ we have ^w(^5i) = GwiB^^). Thus for any 
M E S, we have Qw{M) ~ Qw{^i) for some 5 G C and u G C/Z. 

The proof of the lemma follows easily from the definition. Recall that 
5[(2) is the Lie subalgebra CL_i © CLq © CLi of W. In what follows, it is 
useful to compare sl(2)-germs and W-germs. 

Lemma 4. Let 5 G C and u G C/Z. 
(%) We have g,ii2)K) ~ g,K2){^l~'). 

(ii) If Qw^.A^i) ^ Gw^^.m for some 6 ^ 7, then {5, 7} = {0, 1}. 

Proof. Proof of the first assertion: 

Choose a function / : C — ?■ C* such that f{z) = zf{z — 1) whenever 
5Rz > 1. Define ip : Q},^^ by the formula: 
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i;(ei) = f{z-S)/f{z + S-l)el-', 
for any z E u. It is easy to check that L±i.ip{el) = ip{L±i.el) whenever z E u 
and 3fJ(z ±6) > 1. Therefore the germs of L±i.%l) are zero, which means that 
Q{il)) is a 5[(2)-equivariant isomorphism. 

Proof of the second assertion: Assume that the W>_i-germs of and V^l 
are isomorphic. Then there exist a Lo-equivariant isomorphism ip : Vt^^ VL^ 
whose germ is W>_i-equivariant. It follows that 

^{Ll4) = L?.^(ef) and ^(La.ef) = ^^.^(ef), 
for any z G u with ^z » 0. Set ^(ef) = ae] and ^^(ef+a) = bej. It follows 
that: 

(z + S){z + I + 5)b = {z + -f){z + I + 7)a, and 
(z + 26)b ={z + 27)a. 
Therefore we get: 

{z + S){z + 1 + S){z + 27) = (z + 7)(^ + 1 + 7)(^ + 26). 
Since this identity holds for any z ^ u with ^z » 0, it is valid for any z. 
Since 5 7^ 7, it follows easily that {5, 7} = {0,1}. □ 

It follows from Lemma lll^ii) that the degree of modules of the class S is 
indeed an invariant of their W-germs. 

2.5 Germs of bilinear maps 

For M, and P G "H, denote by B(M x A^, P) the space of bilinear maps from 
M X A^ to P. Also denote by B°(M x A^, P) the space of all tt G B(M x A^, P) 
such that 7r(M>2; x N^^) = for any x » 0. Set 

g{M x~N,P) = B(M X A^,P)/B°(M x N,P), 

The image of a bilinear map vr G B(M x A^, P) in Q{M x A^, P) is called 
its germ and it is denoted by Q{it). The set Q{M x A^, P) is called the sjjace 
of germs of bilinear maps from M x N to P. 

Let be a Lie Lo-algebra and let M, A^ and P be weight g-modules. 
As before, Q{M x N,P) is a g-module in a natural way and we denote by 
^g(Mx A^, P) the space of g-equivariant germs of bilinear maps. As before, the 
composition of g-equivariant germs of bilinear maps with g-equivariant germs 
of linear maps is well defined. Thus we obtain: 

Lemma 5. The space Qg{M x N,P) depends functorially on the germs of 
the weight g-modules M , N and P. 
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Let M, A^, P, and Q in 5 and let G B.omLg{P, Q). Assume that G{4>) is 
a s[(2)-equivariant isomorphism. The composition with (p induces a map 

g{<j>). : ^,^,,(M X Ar,P) ^^,^^^(M X iV,Q). 

Lemma 6. Assume that g{4>) is not W>^i-equivariant. Then the two sub- 
spaces g^{M X N,Q) and ^((/')*^w(M x N,P) of g^^^^^{M x N,Q) have a 
zero intersection. 

Proof. The lemma is equivalent to the following statement: for any Lq- 
equivariant bilinear map n : M x N ^ P whose germ is W-equivariant 
and non-zero, ^(0 o tt) is not W-equivariant. So, we prove this statement. 

Set /i = //2-(0 ° tt). We claim that Gifi) 7^ 0, i.e. for any r G M there are 
scalars x, y with 9f?x > r and 3fJy > r such that ^{M^ x Ny) ^ Indeed, if r 
is big enough we have 

(i) the restriction 7r>r : M>r x N>r P>2r of vr is W>o-equivariant, and 

{u)Li.Pz = Pz+i for any z with 3^2; > 2r. 
Since ^(vr) 7^ 0, there exists (xo,2/o) ^ Supp M x Supp with 3?a;o > r, ^i/q > 
r and 7r(M^o x A^^J = P^^, where zo = xo + z/q. 

By hypothesis ^(0) is s[(2)-equivariant but not W>_i-equivariant. Since 
W>_i is generated by s[(2) and L2, we have Q{L2.4>) 7^ 0. Hence there exists 
k G Z>o such that {L2.(f)){Pk+zo) 0. 

By assumptions, the linear span of Um„„>o vr(Ma;(,+m x Nyo+n) is a W>o- 
module and the W>o-module Py^nzo is generated by P^^ = ir^M^f^xNy^). Thus 
there are m,n ^ Z>o with m + n = k such that 7r(M2;Q+m x Ny^+n) = Pzo+k- 

Since L2.(0 o n>r) = (-^2-0) o 7i">r, it follows that fi{Mxg+m x A^j/o+n) 7^ 0, 
which proves the claim. □ 

3 Degenerate and non-degenerate 
bilinear maps 

In this section, we define the notions of degenerate and non- degenerate bi- 
linear maps and similar notions for germs of bilinear maps. We show that a 
W-equivariant bilinear map vr between modules of the class S is degenerate 
if and only if ^(vr) = 0. Moreover, ^(vr) is non-degenerate if ^(tt) 7^ 0. 

Let M,N and P in n. For n G B(M x A^,P), the set Supp tt = 
{{x,y)\7r{Mx X A^j^) ^ 0} is called the support of tt. The bilinear map vr 
is called non- degenerate if Supp vr is Zarisky dense in C^. Otherwise, it is 
called degenerate. 
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Any germ r G Q{M x A^, P) is represented by a bilinear map tt G B(M x 
N,P), and let 7r>^ be its restriction to M^^ x A^>a;. The germ r is called 
non-degenerate if 7r>a; is non-degenerate for any a; >> 0. 

From now on, assume that M, and P are W-modules of the class S. 
For TT G Bw(M x A^, P), set = {m G M| 7r(m x A^>^) = Ofor x >> 0} 
and = {n e N\ 7r(M>^, x ra) = for x >> 0}. It is clear that and A^r 
are W-submodules. 

Lemma 7. Let n G B^(M x N,P). Then we have: 

(i) tt{Mt^ X A^jr) C P^ and therefore ii{Mt^ x A^^) is isomorphic to or C. 
(ii) M/Mt^ is isomorphic to or C 
(Hi) N/Ntt is isomorphic to or C 

Proof. It follows from the explicit description of all modules X G 5 (see 
Section [1]) that 

1. if F is a W-submodule with Lq.Y ^ 0, then X/Y is isomorphic to C 

or 0, and 

2. if X G X satisfies L^.x = for k » 0, then x is W-invariant. 

Since ^(vr) is zero, contains M>x for any x » 0. Therefore, Lq.Mt^ ^ 
and Assertions (ii) and (iii) follows. 

Moreover for any {m,n) G x A^, we have Lfc.7r(m, n) = Ti{Lk.m.,n) + 
n{m,Lk.n) = for >> 0. Thus 7r(m,n) is W-invariant which proves the 
first assertion. □ 

Let 71 G Bw(M x N,P) with Supp tt C {(0,0)}. Obviously there are 
W-equivariant maps a : M ^ C, b : N ^ C and c : C — )■ P such that 
7r(/,m) = c{a{l)b{m)) . Since it comes from a bilinear map between trivial 
modules, such a bilinear map vr will be called trivial. Note that non-zero 
trivial maps only occur when M and N are in the A-family and P is in the 
5-family. 

For a subset Z of C^, denotes by Z its Zariski closure. Also define the 
three lines H, V and D of by: 

H = Cx {0}, = {0} X C and D = {{z, -z)\zE C}. 
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Lemma 8. Let ir G B^(M x A^, P) and set S = Supp tt. Assume that vr is 
not trivial. Then we have: 

(i) S is a union of lines and Supp n G H U D U V . 

(ii) 7r{M^ X N^) ^0 iff D C S. 

(m) M/M^ ^0 iffV C S. 

(tv) N/N^^OzffHcS. 

Proof. By Lemma [TJ we have vr(M7r x A'^^r) = or C. Note that vr induces 
the two bihnear maps rj : x N„ 7r(M^ x A''^) and : M x N ^ 
P/ti{M^ X N^). 

Step 1: We claim that = or the bihnear map r] has infinite rank. As- 
sume otherwise. By Lemma [TJ the image of rj is C. Since rj factors through 
finite dimensional modules, it follows that M^^- has a finite dimensional quo- 
tient. By Lemma [7] (ii), M^^ is infinite dimensional. Hence is reducible, 
which implies that M = M^.. Similarly, = A^^. It follows easily that vr is 
a trivial bilinear map which contradicts the hypothesis. 

It follows that ?7 = or Supp rj = D. 

Step 2: We claim that Supp n = Supp 9 U Supp rj. 

Since 7r(M^ x A''^) ^ C or 0, we have: Supp 6 U Supp rj C Supp vr C 
Supp 6 U D. Therefore the claim follows from the previous step. 
Step 3: Using the short exact sequence 

® N/M^ ^N^-^M^ (N/N^) © (M/M^) ®N ^ 

M/M^ ® N/N^ — > 0, 

it follows that, up to the point (0, 0), the sets Supp 9 and Supp MxSupp (N/Nj,) 
U Supp {M/Mt,) X Supp A^ coincide, which proves the lemma. □ 

Lemma 9. A bilinear map n G Bw(^ x N, P) is degenerate iff its germ is 
zero. Moreover, ifQ{TT) ^ 0, the germ Q{7t) is non-degenerate. 

Proof. Let vr G Bw(^-^ x N,P). For a; G M, denote by 7r>x the restriction of 
vr to M>2; X A^>a:. It is enough to prove the second assertion. 

First Step: We claim that if (s, t) belongs to Supp 7r>i, then (s, t) + H or 
{s,t) + V lies in Supp 7r>i. By hypothesis, 3?(s + t) > and it follows from 
the explicit description of modules of the class S that Lk.Pg+t 7^ for any 
k » 0. So we get 
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7i{Lk.Ms X iVi) ^ or 7r(M, x Lk-Nt) ^ for A: » 0. 
Hence (s + k, t) or (s, t + k) is in Supp tt^ for infinitely many > 0, and 
the claim follows. 

Second step: Assume that ^(vr) is non-zero and prove that its germ is 
non- degenerate. Let x > 1 be an arbitrary real number, and let (s, t) G 
Supp M>x X Supp N>x- By definition there exists two increasing sequences 
of integers < ai < 02 . . . and < 61 < 62 • • • such that {s+aj^.t+hk) belongs 
to Supp 7r>a. for all /;;. Since all lines (s + Ofc, t + 6*;) + {s + ak,t + hk) + H oie 
distinct, Supp tt>x contains infinitely many lines, and therefore Supp Tiyx = 

C2 □ 

4 Examples of W-equivariant bilinear maps 

This section provides a list of W-equivariant bilinear maps between modules 
of the class S. The goal of this paper is to prove that this list generates all bi- 
linear maps between modules of the class S. More precisely, if one allows the 
following operations: the 63-symmetry, the composition with morphisms be- 
tween modules in S and the linear combination, then one obtains all bilinear 
maps between modules of the class S. 

4.1 The Poisson algebra V of symbols twisted pseudo- 
differential operators 

To be brief, we will not give the definition of the algebra T) of twisted pseudo- 
differential operators on the circle, see e.g |IM] . Just say that the term twisted 

refers to the fact that complex powers of z and — are allowed. As usual, V is 

dz 

an associative filtered algebra whose associated graded space P is a Poisson 
algebra. 

Indeed V is explicitely defined as follows. As vector space, V has basis 
the family [z^d^) where s and 5 runs over C (here d stands for the symbol 

of — ). The commutative associative product on V is denoted by . and the 
dz 

Lie bracket is denoted by {, }. These products are explicitely defined on the 
basis elements by 

{z'd^).{z''d^') = {z'+''d^+^'), 

{{z'd^), {z''d^')} = {6s' - 6's) z^+s'~iQS+5'-i^ 
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It is clear that ®n& C z^^^d is a Lie subalgebra naturally isomorphic to W. 
As a W-module, there is a decomposition of V as 

V = ©(<5,«)GCxC/Z 

where VL^ = ®s&uC z'-^d'^ . We have 

for all 5i,S2 G C and u,v G C/Z. Therefore the Poisson structure induces 
two families of W-equivariant bilinear maps: 

: X ^ (m,n) ^ m.n, 

It is clear that all these maps are non-degenerate, except -B°'°. Indeed we 
have B^'l = 0, for all u,v e C/Z. 



4.2 The extended Lie algebra 

Recall Kac's construction of an extended Lie algebra |Kacj . Start with a 
triple {q,k,6), where g is a Lie algebra, 5 : g — )■ g, x 6.x is a derivation 
and K:gxg— )-Cisa symmetric g-equivariant and 5-equivariant bilinear 
form. Then the extended Lie algebra is the vector space ge = g©C(5©Cc 
and its Lie bracket [, ]e is defined by the following relations: 

[x,y]e = [x,y] + K{x,6.y)c, 

[6,x]e = 6.x, 

[C,de\e = 0, 

for any x,y & Q and where [x, y] is the Lie bracket in g. 

We will apply this construction to the Lie algebra V. The residue map 
Res : P — 7- C is defined as follows: Res(fi^) = for {6, u) ^ (1, 0) and the 
restriction of Res to Vl\ is the usual residue. Thus set y) = Resxt/ for 
any x, y E V. Let {a,b) be projective coordinates oi ^ G P^. Define the 
derivation 6^ of V by 6^x = z^~°'d~°'{z'^~^d"',x} for any x eV. Informally, 
we have 6^x = {log{z°'~'^d"'),x}. 

It is easy to check that k, is equivariant under ad(P) and under 6^. The 
two-cocycle x, ?/ G P H- Kes{x6^y) is the Khesin-Kravchenko cocycle |KK] . 
The corresponding extended Lie algebra will be denoted by V^. Thus we 
have 

V^ = V ®C6^®Cc. 
Since is not a Poisson algebra, its Lie bracket will be denoted by [,]. 
Set P+ = [V^,V^] and = V^/Z{V^), where Z{V^) is the center of V^. As 
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before W is a Lie subalgebra of P^, and the W- modules decomposes as 
follows 

= ©(5,„)6CxC/Z ^i{^,±), 

where ±) = fi^ or all (5, u) E C x C/Z except that -) ~ and 
^o(^' +) ^ 5^. The Lie bracket of induces a bilinear map 

5(0 : X V^, (m modulo modulo ^(P^) ^ [m,n]. 

As before, the components of B{^) provide the following W-equivariant bi- 
linear maps 

It should be noted that if S^^i + ^2) ^ 0, then we have = ^J/'- 

4.3 Other W-equivariant bilinear maps. 

The Grozman operator: Among the W-equivariant bilinear maps between 
modules of the class iS, the most surprizing is the Grozman operator. It 
is the bilinear map Gu^v '■ ^u^^^ x VLv'^^'^ — )■ f^^+t,, defined by the following 
formula 

G'n,^,(ex^^^ Cy"^'^) = {x- y){2x + y){x + 2y)el'^^y. 
The bilinear map 600 ■' Let ^ G with projective coordinates {a,b). Define 
: Aa^b X Aa^b — ^ Ba^b by the following requirements: 
Q^{u^, u^) = if mn{m -|- n) 7^ or if m = n = 

©ei^o.Wm) = -0«,Wo) = 1M< if m ^ 0, 
^d'^-m.ui) = l/mu^ if m ^ 0. 

It is easy to see that a6^ is identical to the bracket —B^'Q^a^b). In 
particular, 0^ is W-equivariant (for a = 0, this follows by extension of 
polynomial identities). So 600 is the only new bilinear map, since, for ^ 7^ 00, 
65 is essentially the bracket of V^. 

The bilinear map ^7(^1, ^2? ^3) ■' Let ^1,^2? ^3 be points in which are not all 
equal, with projective coordinates (ai,6i), (02,^2), (03,^3)- Choose a non- 
zero triple {x,y,z) such that ^(03, 63) = x{ai,bi) + 1/(02, &2)- Recall that all 
A^ have the same underlying vector space, therefore the map 
yRes X id + xid x Res : Aa^^^bi x ^4^2, 62 ~^ ^03,63 
is well defined. This defines a map, up to a scalar multiple, 

which is clearly W-equivariant. 

The obvious map P^h Also for each M G 5 denote by P^'^ the obvious map 
{{a + x) ,m) e (A ® C) X M xm e M. 
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4.4 Primitive bilinear maps 

Let M be the class of all non-zero W-equivariant maps (p : M ^ N, where 
M, N are non-isomorphic modules of the class S. Up to conjugacy, there are 
only two possibilities: 

(i) M is in the A-family, is in the 5-family and (j) is the morphism 

M -^C^ N, or 

(ii) M is in the 5-family, is in the A-family and (p is the morphism 
M ^A--^ N. 

Hence, the condition M ^ N means that M and are not simultaneously 
isomorphic to © C. 

Let M, M', N, N', P and P' in S. Let (j) : M' ^ M, ip : N' ^ N and 
6 : P P' he W-equivariant maps, and let tt G Bw(^ x N, P) be a W- 
equivariant bilinear map. Set n' = 6 o n o [(p x tp) . If at least one of the three 
morphisms (p, ip ot 6 is of the class A/", then it' is called an imprimitive form 
of TT. 

A W-equivariant bilinear map between modules of the class S is called 
primitive if is not a linear combinations of imprimitive forms. The compo- 
sition of any three composable morphisms of the class is zero. It follows 
easily that any W-equivariant bilinear maps between modules of the class S 
is either primitive, or it is a linear combination of imprimitive bilinear form. 
Thus the classification of all W-equivariant bilinear maps between modules 
of the class S reduces to the classification of primitive ones. 

Lemma 10. Let M, N and P be W modules of the class S, and let ir G 
Bw(^ X N,P). Assume one of the following conditions holds 

(i) M and N are irreducible and P is the linear span of 7r{M x A^) 

(ii) N and P are irreducible and the left kernel of tt is zero. 
Then n is primitive. 

This obvious lemma is useful to check easily that some bilinear maps are 
primitive. Some of the bilinear forms defined in this section are not primitive. 
It will be proved in Corollary [1] of Section [11] that, up to 63-symmetry, all 
primitive bilinear forms between modules of the class S have been defined in 
this section. 

4.5 Examples of W-equivariant germs 

In what follows, the elements of will be written as triples {5i, ^2; 7)- Let a 
be the involution defined by {61, 62, •y)" = {S2, 5i, 7)- Let 3 be the union of the 
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two affine planes Hi, the six affine lines Di and the five points Pi defined as 
follows. For i = 0, 1, the plane Hi is defined by the equation •y = 6i + 62 + i. 
The six lines Di are parametrized as follows: 

Di = {(0,(5,5 + 2)15 e C} and D2 = D'[, 

D3 = {{5,1,5)15 e C} and D4 = D^, 

D, = {{5,-{l + 5),l)\5eC} 

D, = {{5,l-5,0)\5eC}. 
The fives points are Pi = (0, 0, 3), P2 = (0, -2, 1), P3 = P2 and P4 = (1, 1, 0) 
and P5 = (-2/3, -2/3,5/3). Also let 3* be the set of all (5i,52,7) e 3 such 
that {5i,(52,7} ^ {0,1}. 

In what follows, we will consider fi^ as a module of the class S*. Thus 
we can define without ambiguity the degree of any 

as the scalar — 5i — 52- The following table provide a list of germs tt in 
^w(^u X ^i^,^Z+v), when ((5i,52,7) runs over 3*. In the table, we omit the 
symbol Q. For example, stands for Q{d)~^, which is well-defined even for 
u = mod Z. 

Table 1: List of vr G Gw{^u x where (5i,52,7) runs over 3* 





deg TT 


(5l,52,7) 


IT 


1. 


3 






2. 


3 


(0,0,3) 


P^i o{dxd) 


3. 


3 


(0,-2,1) 


d pi;-2 (d X zd) 


4. 


3 


(-2,0,1) 


d ° (^^^ X d) 


5. 


2 


(0, 5,5 + 2) 


Bli o{dx id) 


6. 


2 


{5,0,5 + 2) 


p^:i (zd X rf) 


7. 


2 


{5,-5-1,1) 


d P^'-^-^ 


8. 


1 


{5i,52,5i + 52 + l) 




9. 





{5i,52,5i + 52) 




10. 


-1 


{1,5,5) 


p^i (d-^ X id) 


11. 


-1 


{5,1,5) 


P^^ (zd X d-') 


12. 


-1 


{5,1-5,0) 


d-' 



The condition {5i,52,'y) G 3* implies that {5i,52) 7^ (0,0) in the hnc 8, {5i,52) 7^ 
(0, 0), (0, 1) or (1, 0) in the hne 9, 5 7^ or 1 in the hnes 10-12. 

Let M, N and P be W-modules of the class S. Set u = Supp M, v = 
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Supp and assume that Supp P = u + v. Let 5i G degM, 62 G deg and 
7 G degP. It follows from Lemma [3] that 

G{M) = G{ni^), G{N) = G{ni-) and G{P) = G{^1+.). 

Lemma 11. Assume that (5i,52)7) ^ 3- Then Gmv{M x N,P) is not zero, 

and moreover we have dim Gw{M x N, P) > 2 if {Si, 62, 7} C {0, 1}. More 

precisely we have: 

(i) for (5i,52,7) G 3*, TableUl provides a non-zero vr G Gw{M x N,P), 
(11) 2/{5i,52,7} C {0,1}, then we have G{M) = Gi^l), GiN) = 

andG{P) = ^(^i+t,) and the mapsni := P^'^of^idxd) and-n2 := P^'yO(^dxid) 

are non-proportional elements ofGwiM x N,P). 

Theorem 2, proved in Section 7, states that the maps listed in the previous 
lemma provide a basis of Gw{M xN,P). It also states that Gw{M xN,P) = 
Oif {61,62,1) ^3- 

5 Classification of W-equivariant degenerate 
bilinear maps 

Let M, N and P be in the class S. The goal of the section is the classification 
of all W-equivariant degenerate bilinear maps tt : M x N ^ P. In order 
to simplify the statements, we will always assume that M, N and P are 
indecomposable. 

Assume that vr ^ and set S = Supp vr. By Lemma ^ScHUDUV 
is an union of lines. Thus there are four cases, of increasing complexity: 

(i) ^ = 0, 

(ii) S consists of one line H, D or V, 

(iii) S consists of two lines among H, D and V, or 

(iv) S = HUDUV. 

Since the three lines H, V and D are exchanged by the 63-symmetry, we 
can reduce the full classification to the following four cases: 

(i) ^ = 0, 
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(ii) s = v, 

(iii) S = HUV, 

(iv) S = HUVUD. 

In the following lemmas, it is assumed that 7r:MxA^— j-Pisa non-zero 
degenerate W-equivariant bilinear map. 

Lemma 12. If S = 0, then tt is trivial. 

The lemma is obvious. 

A W-equivariant map ip : N ^ P is called an almost-isomorphism if 
its kernel has dimension < 1. The only almost-isomorphisms which are not 
isomorphisms between modules of the class S are the maps from to Ajj 
obtained as the composition of ^ A and A ^ A^^. 

Lemma 13. Assume that S = V . Then there is surjective maps : M — )■ C 
and almost-isomorphism tp : N ^ P such that 

Tr{x,y) = (l){x)ij{y), 

for any {x, y) E M x N. 
Lemma [I3] is obvious. 

In order to investigate the case where S contains two lines, it is necessary 
to state a diagram chasing lemma. Let g be a Lie algebra, let X he a q- 
module. For C, € H^{g, M), denote by the corresponding extension: 

O^X^X^^C^O. 

Lemma 14. Assume that Endg{X) = C and that X = Q.X . Let ^1,^2,^3 G 
H^{q, X) and set Z = X^^(g) X^JX (g) X . We have 

dimHomg(Z, Xgg) = 3 — r, 
dimHomg(Z', X) = 2 — s, 
where r is the rank 0/(^1,^2,^3} O'f^d s is the rank 0/(^1,^2} H^{q,M). 

Proof. For i = 1 to 3, there are elements 6i G X^. \ X such that the map 
X G — x.6i G X is a cocycle of the class ^j. Since X^. = X Q) C6i, we have 
Z = [5i ® X] © [X ® 62] © C{6i ® ^2). 
Let TT G Homg(Z, Xgg). Note that 5i ®X is a submodule of Z isomorphic 
with X. Since g.X = X, we have 7r(5i © X) C X. Thus there exists A G C 
such that n{6i <S) x) = Xx for all x E X. Similarly, there exists fj, E C such 
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that 7r(x®52) = l^x for all x G X. By definition, we have 7r((5i®(52) = u5^ + Xq 
for some z/ G C and some Xq in X. 

The 0-equivariance of tt is equivalent to the equation: 
Hg.Si + Xg.52 = fg-h + g.XQ for all g e q. 
Thus dimHomg(Z, Xjg) is exactly the dimension of the space of triples (A,/i,i^) G 

such that 

A52 + Ml - i^^s = in i/i(0,^), 
and the first assertion follows. The second assertion is similar. □ 

For G and t G C, define t]*^^ : x — )■ by the formula 
?7|(m, n) = Res(m)n + tRes(n)m, 
and recall that ?7('Ci) ^2, ^3) is defined in Section 4.3. 

Lemma 15. Assume that S = V U H . Then ir is conjugate to one of the 
following: 

(i) '7(^1,6,^3), for some ^1,6,6 e with ^3 ^ or 
(a) ?7| /or some t ^ and ^ G P'^. 

Proof By LemmaHwe have 7r(M^ x X^) = 0, M/M^ = C and N/N^ = C. It 
follows that M ~ and N ~ for some ^1, ^2 e P^ Thus (M/M^) (g) N„ 
is isomorphic to A. Since vr induces a non-zero map (M/M,r) ® — )■ P, the 
W-module P contains A, hence P is isomorphic to A^.^ for some non-zero 
^3 G Fi. 

Let 5 = {/i G Bw(M x N,P)\fi{M^ x X^) = 0}. It follows from the 
Kaplansky-Santharoubane Theorem that dim H^{W, A) = 2. Thus if ^1, ^2, ^3 
are not all equal, it follows from Lemma [T^ that B = C 77(^1, ^2, ^s)- However 
Supp ri{C,i,^2,^3) lies inside if or V" if ,^1 = ,^3 or ,^2 = ■^3- Hence we have 
{3 ^ {'Ci?'C2} and TT is conjugate to r]{C,i,C,2,C,3)- Similarly, if all are equal 
to some G P'^, then B is the two dimensional vector space generated by 
the affine line {?7||t G C}. Thus it is conjugate to some ?7|. Moreover the 
hypothesis Supp n = H UV implies that t 7^ 0. □ 

Lemma 16. Assume that S = V U H U D . Then, vr is conjugate to for 
some ^ G P^, modulo a trivial map. 

Proof It follows from Lemma [8] that we have 7r(M^ x N^) ^ C, M/M^ ^ C 
and N/N^ = C. Thus M = A^,, X = and P = Bf:.^ form some ^ G P^ 

Set Z = A^ ® ^c/^ ® ^- By Lemma [HI the composition of any n G 
B^(Ag^ X Agj, 5^3) with the map — )■ A provides a linear map JI : Z ^ A. 
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Since JI is not zero, Lemma [T^ implies that = ^2- By the ©a-symmetry, 
-5^3 is the restricted dual of ^1^25 so we have ^3 = ^1. Set ^ := ^1 = ^2 = ^3 
and consider the following exact sequence 

-> Bw(^s X A^, C) ^ B%^{A^ X A^, B^) Homw(^, B^/C), 
where the last arrow is the map fi ^ JI. 

It is clear that the subspace Bw(^5 x A^, C) of B^(y4^ x A^, B^) is the 
space of trivial bilinear maps. By the previous lemma, Homw(-Z^, B^/C) has 
dimension one. It follows from its definition that SuppO^ = H U V U D. 
Hence we have 

B%^{A^ X A^, B^) = BwiA^ x A^, C) © CG^. 
Hence tt is conjugate to 6^ modulo a trivial map. □ 

Theorem 1. Let M,N and P indecomposable modules of the class S and 
let IT : M X N —> P be a W-equivariant degenerate bilinear map. Up to the 
& 3- symmetry, n is conjugate to one of the following: 
(i) a trivial bilinear map n : A^-^ x A^^ — )■ 5^3, 

(a) the map tt : A^ x N P, {m,n) ^ Res(m)'?/'(n) where ^ G P"*^ and 
where ip : N ^ P is an almost-isomorphism, 

(Hi) the map ?7(^i,6,6) for some ^1,^2 and ^3 G with ^3 ^ {^1,6}; 
or the map rj^^ for some ^ G and t ^ 0, 

(iv) 6^ + r, where ^ G P^ and r is a trivial map. 

The following table is another presentation of Theorem 1. To limit the 
number of cases, the list is given up to the (53-symmetry. That is why the 
datum in the third column is P* and not P. 

Table 2: List, up to the ©3-symmetry, of possible S and d, where 

rf = dimBOv(M x N,P) and S = Supp vr for vr G B^(M x N,P). 





M X N 


p* 


S 


d 


Restrictions 


1. 









1 


Carrf{ei,6,e3}>2 


2. 


A^xX 


X* 


V 


1 


X ^A^OT B^ 


3. 


A^^ X B^^ 




V 


1 




4. 


X A^, 


% 


HUV 


1 


6 ^{6,6} 


5. 


Aj: X Ai: 


B^ 


H,V or HUV 


2 




6. 


Aj: X Af: 


A^ 


OoT HUVUD 


2 





Except the indicated restrictions, X G iS is arbitrary and ^, ^1, ^2 ^nd ^3 are arbitrary. 
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6 Bounds for the dimension of the spaces of 
germs of bihnear maps 

Let M, N and P be W-modules of the class S. In this section we introduce 
a space Qsi{2){M x A^, P) which is a good approximation of QwiM x A^, P). 
Indeed we have: 

gw{MxNP)c ^ai(2)(M xNP)c Q,ii2)iM xN,P). 

6.1 On dim^s[(2)(M X iV,P) 

For an element 7 G C^, set L.7 = 7 + (l, 0) and R.'-f = 7 + (0, 1). Similarly, for 
a pair {a, (3} of elements of C^, set L.{a, f3} = {L.a,L.(3} and R.{a,(3} = 
{R.a, R.p}. The pair {a,f3} is called adjacent if /3 = a + (1,-1) or a = 
(3 + (1,-1). Thus L.{a,/3} and R.{a,(3} are adjacent whenever {a,/3} is 
adjacent. Given {x,y) G C^, let C{x,y) be the set of all elements of of 
the form {x + m,y + n) with m,n & Z>o and (m, n) 7^ (0, 0). 

Let 61, 62 and 7 be scalar, and let u and v be Z-cosets. Let vr : Qf^ x 
flZ+v be an Lo-equivariant bilinear map. Let {e^^^)x£u be the basis 
of Qfl defined in Section 1. Similarly denote by {ey^)y^y and {e2)z£u+v the 
corresponding bases of and fiZ+v 

Since vr is Lo-equivariant, there exists a function X : u x v ^ C defined 
by the identity: 

7r{ei\el^)=X{x,y)e1+y. 

Lemma 17. Assume there exists {x,y) & ux v such that: 

(i) Supp (L±i.7r) nC(x,?/) = 0, 

(ii) 5Rx > ±3f?(5i, % > ±'^82, 3?(x + > ±3^7, and 
(in) X{x + l,y) = y + 1) = 0. 

r/ien ^(vr) = 

Proof. First step: We claim that for any adjacent pair {a, /?} in C{x, y) with 
= X{l3) = 0, then X vanishes on _R'^.L'.{a, /3} for any kj G Z>o. 
First prove that X vanishes on L.{a, /?} Indeed we can assume that a = 
/3 + (1, —1), and therefore we have a = {x' + 1, y'), (3 = (x', y' + 1) for some 
{x',y') G C\ 

Since L„i.7r(e^l_,_j^, e^?_^^) is a linear combination of 7r(e^l, e^?^^) and 
7r(e;^l+i,e^?), we get 

= L_i.7r(efVi' = ^(^' + 1' + l)^-i-e2.+,.+2- 
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Since 3?(x' + + 2 — 7) > 0, we get L_i.eJ.,_^_y,_^_2 therefore X{x' + 
1, 1/' + 1) = 0. Moreover we have 

Using that X{x' + l,y' + 1) = 0, it follows that n{Ll.e^J,_^_^,ey^) = 0. Since 
3?(x' + 1 + 61) > 0, we have Li.efi.^^ ^ and therefore X(x' + 2,y') = 0. 
Hence X vanishes on L.{a, f3}. 

Similarly, X vanishes on R.{a, It follows by induction that X vanishes 
on R^.V .{a, 13} for any k, I G Z>o. 

Second step: Set a = (x + 1,?/) and (3 = {x,y + 1). We have C{x,y) = 
Ufcjgz>o R^-LK{a, f3}. It follows that X vanishes on C{x, y). Hence ^(vr) = 0. 

□ 

Let TT G ^L^^t' X f]^^ As before, set 

'K{ei\el^)=X{x,y)el+y. 

Lemma 18. Assume that ^(vr) is 5{{2)-equivariant and non-zero. Then there 
exists (xq, yo) ^ u X V such that 

X{a) orX{l3) 0, 
for any adjacent pair {a, f3} in C{xo, yo). 

Proof. Since ^(vr) is s[(2)-equivariant, we can choose (xo,2/o) G m x w such 
that: 

(i) Supp L±i o TT n C(xo, yo) = 

Moreover we can assume that 3f?Xo and 3f??/o are big enough in order that: 

(ii) JJxo > ±3f?5i, %o > ±5^52, ^{xo + yo) > ±3^7- 

Let {(x + 1,1/), + 1)} be an adjacent pair in C(xo,?/o)- The couple 
(x, y) satisfies the conditions (i) and (ii) of the previous lemma. Since Q{7r) ^ 
0, it follows that X{x + 1, y) 7^ or X(x, y + 1) 7^ 0. 

□ 

Let M, and P be W-modules of the class S. 
Lemma 19. We have dim Q^miM x N,P) < 2. 

Proof. Let 7ri,7r2,7r3 be any elements in Bl^^{M x N,P) such that ^(tTj) G 
&i(2)(MxiV,P). 

Since the space Q (M x A^, P) only depends on the germs of M, A^ and P, 
we can assume that M = Qf^, N = and P = for some scalars 61, 62 
and 7 and some Z-cosets u, v and w. Moreover, we can assume w = u + v, 
since otherwise it is obvious that Qsi{2){M x N,P) = 0. 
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There is {x,y) & u x v such that Supp (L-i-i.vrj) fl C(x, = for i = 1 to 
3. Adding some positive integers to x and y if necessary, we can assume that 
JJx > ±5R(5i, 5Ry > ±3^52 and 9fJ(x + y) > ±3?7. There is a non-zero triple 
(a, b, c) of scalars with: 

[ani + 67r2 + C7r3](ef^+i, e^^) = [ayn + 67r2 + CTT3]{ei\ el\^) = 0. 
It follows from Lemma [T71 that aQ (tti) + bQ [it 2) + cQ {ir 3) = 0. Since any three 
arbitrary elements G{ni),G{n2) and Gi^n^) of Gsi(2){M x A^, P) are linearly 
dependant, it follows that dim Qsi{2)iM x N,P) < 2. 

□ 

6.2 The recurrence relations 

Let M, N and P be three W-modules of the class S. Let vr G B(M x A^, P). 
Set 

7f(m, n) = L_2L2.7i{m,n) — n{L_2L2.m,n) — 

-7r(m, L^2L2-n) - 7r(L_2.m, L2.r2) - 7r(L2.m, L_2.n), 
for all (m, n) E M x N. Note that we have 

7f = L_2 o (L2.7r) + (L_2.7r) o (L2 X id) + (L_2.vr) o (id x L2). 
Similarly, for a germ fi G ^(M x N,P), set 

/i = L_2 o (L2./i) + (/^-2-/i) o (-^^2 X id) + (L_2./i) o (id x L2). 
Set ^s((2)(M X N,P) = {fi e g,i(2){M X N,P)\jl = 0}. It follows from the 
definitions that we have 

GwiM X AT, P) c ^,((2)(M X A^, P) C e?,((2)(M x AT, P). 
Let 61, 62 and 7 be three scalars. For /c = 1, 2, set 

ak{x,y) = (x + Mi)(?/ - M2), 

bk{x, y) = e{6i + 82--i - 6l - 6l + 7^) - 2xy, 

Ck{x, y) = {x- k5i){y + k52). 

Let u and w be two Z-cosets and let vr : flf^ x flf^ — > fll+v be a Lg-equivariant 
bilinear map. As before, define the function X by the identity: 

7riei\el^)=X{x,y)el+y. 

Lemma 20. Assume that the ^(tt) belongs to Gsi{2){^^ x ^i^,^Z+v)- Then 
there exists (a;o,?/o) G m x t> such that: 

ak{x, y)X{x + k,y - k) + bk{x, y)X{x, y) + Cfc(x, y)X{x - k,y + k) = 0, 
for k = 1,2 and all (x, y) G C(xo, |/o)- 
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Proof. For k = 1,2, set vr^. = o (L^.tt) + (L^^.tt) o (L^ x irf) + (L.^.tt) o 
(zc? X Lfc). Since the germ of vr is st(2)-equivariant we have G{7^i) = and 
since 712 = n we also have ^(712) = 0. Therefore there exist (xo,?/o) G u x u 
such that SuppTTi and Supp7r2 do not intersect C{xo,yo). This condition is 
equivalent to the recurrence relations of the lemma. □ 

6.3 The case dim Qsi{2){M x N,P) = 2 

Lemma 21. Let M, N and P he ^ -modules of the class S. If 

dim^„(2)(Mx iV,P) = 2, 
then one of the following assertions holds: 

(i) degM = degA^ = degP = {0,1}, 

(ii) degM = -1/2, degiV = {0,1} anddegP G {-1/2,3/2} 
(m) degM = {0,1}, degiV = -1/2, an^idegP G {-1/2,3/2}. 

Proof. Assume that dim ^51(2) (M x N,P) = 2. We can assume that M = 
Qf^, N = Qf^ and P = ^Z+v fo^' some 61, 62 and 7 in C and some u, v E 
C/Z. Choose 7ri,7r2 G Big(f2^^ x Qf^ , fl1_^_^) whose germs form a basis of 
Qsi{2){^u ^ ^i^Ml+v)- For i = 1,2 define the functions Xi{x,y) by the 
identity 

7r,{ei^,el^)=X,{x,y)el^y. 
By Lemma [20| there exists (xo,?/o) G m x t> such that 

(1) ai(x,?/)Xi(x + l,|/-l) + 6i(x,?/)Xj(x,?/) + Ci(x,?/)Xi(x-l,?/ + l) = 0, 

(2) a2{x,y)Xi{x + 2,y-2) + b2ix,y)Xi{x,y) + C2{x,y)X,{x-2,y + 2) = 0, 
for z = 1, 2 and all (x, y) G C(xo, 2/o)- Moreover by Lemma ITTl we can assume 
that the vectors {Xi{x + 1, y),Xi{x, y + 1)) and {X2{x + l,y), X2{x, y + 1)) 
are linearly independant, for all {x,y) G C{xo,yo). 

First step: We claim that 
a2ix, y)bi{x + l,y- l)ci{x -l,y+ l)ci(x, y) = 

ai{x,y)ai{x + l,y + l)bi{x -l,y+ l)c2{x,y), 
for all (x, y) G C^, where the functions Oj, hi and q are defined in the previous 
section. 

From now on, we assume that {x,y) belongs to C{xo + l,yo + 1). To 
simplify the expressions in the proof, we set An = ai{x + l,y — I), Bn = 
hi{x + l,y — I) and Cu = Ci{x + l,y — I), for any /g{ — 1,0,1}). Thus Identity 
(2) can be written as: 

A2flXi{x + 2,y-2) + *X,(x, y) + C2,oXi{x -2,y + 2) = 0, 
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Here and in what follows, * stands for a certain constant whose explicit value 
is not important at this stage. Multiplying by iCi^_i, we obtain 

(3) A2,oCi,_i[Ai,iX,(a: + 2, y - 2)] + *Xi{x, y) + 

^i,iC2,o[Ci,_iX,(a;-2,y + 2)] = 0, 
Note that (x + 1, y — 1) and {x — l,y + 1) belong to C{xq, yo). Using Relation 
(1) we have 

(4) Ai,iX,(a: + 2, y - 2) + B^^,X,{x + 1, y - 1) + = 

(5) *Xi{x, y) + - 1, 1/ + 1) + Ci,-iX,{x - 2, ?/ + 2) = 
With Relations (4) and (5) we can eliminate the terms [Ai^iXi{x + 2,y — 1)] 
and [Ci-iXi{x — 2,y + 2)] in Relation (3). We obtain 

(6) A2,o5i,iCi,_iXi(x +l,y-l) + y) + 

A,,,B,^^,C2,oX,{x-l,y + l) = 0. 
Moreover Relation (1) can be written as 

(7) Ai^oXiix + l,y-l) + *X,{x, y) + Ci,oX,(a; - 1, y + 1) = 0, 
Thus Relations (6) and (7) provide two linear equations connecting Xi{x+ 

1, y — 1), Xi{x,y) and — 1, y + 1). Since (x, y), + y — 1) is an adjacent 
pair, it follows that the two triples (Xi(a; + 1, y — 1), y), Xi{x — 1, y + 1)) 
and {X2{x + l,y — 1), X2{x,y), X2{x — l,y + 1)) are linearly independent. So 
the linear relations (6) and (7) are proportional, which implies that 
A2flBi^iCi-iCifi = Ai^o^i,i-Bi, -16*2,0, 

or equivalently 

(8) a2{x,y)bi{x + l,y - l)ci{x - l,y + l)ci{x,y) = 

ai(x, y)ai{x + l,y + l)&i(x -l,y + l)c2(x, y). 
This identity holds for all {x, y) G C{xo + 1, yo + !)• Since C(xo + 1, yo + 1) 
is Zariski dense in C^, Identity (8) holds for any (a;, y) G C^. 

Second step: We claim that 

81 + 82-1-51- 81 + 72 = 0. 

Assume otherwise and set r = 8\ + 82 — l — 8\ — 8\ + 1^ . We have 
bi{x,y) = T — 2xy , therefore the polynomial bi is irreducible. Observe that 
all irreducible factors of the left side of (8) are degree 1 polynomials, except 
bi{x + l,y — 1) and all irreducible factors of the right side side of (8) are 
degree 1 polynomials, except — l,y + 1). Hence the irreducible factors 
of both sides do not coincide, which proves the claim. 

Third step: We claim that 81 and 82 belong to { — 1/2,0, 1}. Using that 
81 + 82 - 1 - 81 - 8^ + 1'^ = 0, Identity (8) looks hke 

(a; + 28i){x + - 1 - - 8i)f{y) 

= (x + + 1 + 8i){x -l){x- 28i)g{y) 
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where f{y) and g{y) are some functions of y. Since x + 1 is a factor of the 
left side of the identity, it follows that 5i = 1, or —1/2. The proof that 
^2 = 1, or —1/2 is identical. 

Fourth step: We claim that the case (5i = ^2 = — 1/2 is impossible. The 
Equations (6) and (7) can be written as 

(6) aXi{x + 1, y - 1) + bXi{x, y) + *Xi{x-l,y + l) = 0, 

(7) cXi{x + 1, y - 1) + dX,{x, y) + *Xi{x-l,y+l) = 0, 
where a, b, c and d are explicit functions of x and y (as before, * denotes 
some functions which are irrelevant for the present computation). Using 
that 6i + 62 — 'J — Sf — 62 + 'j^ = and a brute force computation, we obtain 

ad-bc = 9/32(1 + 2y){2x - l)(2xy - 1). 
So the Equations (6) and (7) are not proportional, which contradicts that 
{Xi{x + 1,1/ — l),Xi{x, y)) and {X2{x + 1, y — 1), X2(a;, y)) are independent. 

Final step: If 5i and 82 belongs to {0, 1}, then 7^ — 7 = i.e 7 = or 1 
and the triple (5i,52,7) satisfies Assertion (i). If 5i = —1/2, then ^2 = or 
1 and 7^ — 7 = 3/4, i.e. 7 = —1/2 or 3/2 and the triple {61,62,'^) satisfies 
Assertion (ii). Similarly if 62 = —1/2, the triple (61,62,^) satisfies Assertion 
(iii). □ 

6.4 The case dim Qw{M x N,P) = 2 
Let M,N,P eS with Supp P = Supp M + Supp N. 

Lemma 22. We have dim ^w(M xN,P) = 2 iff deg M = deg iV = deg P = 
{0,1}. 

Proof. Set u = Supp M and v = Supp N. By Lemma[T9l we have dim Qsi(2){Mx 
N,P) <2 and therefore dim^w(M x N,P) < 2. 

First step: Assume that degM = degiV = degP = {0, 1}. By Lemma [TT] we 
have dim^w(M x N,P)> 2. Thus dim^w(M x A^, P) = 2. 

Second step: Set d~ = dim^w(^M ^ ^v^^'^ ,^u+v) ^-^d d~^ = dim^w(^° x 
We claim that rf+ = rf" = 1. 
By Lemma m there is a sl(2)-equivariant isomorphism : Q{^1~^^'^) — )■ 
e?(n3/2). By LemmaEl <p. Qwi^l x l^^:;/') and g^{Ql x 

are two subspaces of gsi{2){^u x ^v^^'^ ,^u+v) with trivial intersection. Thus 
we have d~^ + d~ < 2. However by Lemma [TT], we have d"*" > 1 and d~ > 1. 
It follows that d'^ = d~ = 1. 
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Third step: Conversely, assume that dimQ^fl^{M x N,P) = 2. It follows that 
dim^,((2)(Mx A^,P) =2. 

By the previous step, the case (ii) of the assertion of Lemma [21] cannot 
occur. Using the ©2-symmetry, the case (iii) is excluded as well. It follows 
that degM = degiV = degP = {0,1}. 

□ 

7 Determination of Qw{M x A^, P) 

Let M,N and P E S. In this section, we will compute the space Q^^/■{M x 
iV,P). 

We will always assume that Supp P = Supp M + Supp N, otherwise it is 
obvious that Qw{M x N,P) = 0. In the previous section, it has been shown 
that dim^w(M x A^, P) < 2, and the case dim^w(M x A^, P) = 2 has been 
determined. So it remains to decide when Q^/v{M x N, P) is zero or not. 

The final result is very simple to state, because dim^w(^ x P) only 
depends on deg M, deg N and deg P. 

7.1 Upper bound for dim^w(M x N, P) 

Lemma 23. Let M, A^, P and Q e S and let G Gsi(2){P, Q)- We have 
0*^.((2)(M X A^,P) c ^„(2)(M X N,Q) 

Proof. Step 1: Set f2i = Ll + Lq — L_iLi and VL2 = LI + 2Lq — L_2L2. Indeed 
Qi is the Casimir element of U{s[{2)) and it acts as some scalar c{X) on any 
W-module X E S. It turns out that Q2 acts on X as 4c(X). 

Step 2: In order to prove the lemma, we can assume that 7^ 0. Therefore 
c(P) = c{Q) and Q2 acts by the same scalar on P and on Q. Thus we get 

0,2 O (J) = (J) O [I2. 

Since commutes with Lq, we get 

{L_2L2) O = O (L_2L2). 

from which the lemma follows. □ 

Lemma 24. Let 61,62 and 7 G C and let u and v be Z-cosets. Assume that 
none of the following conditions is satisfied 

(i) 7 = 0,1/2 or 1, 

(ii) 61 = -1/2, 62 G {0,1} and-fE {-1/2,3/2}, 
(tit) 61 E {0, 1}, 62 = -1/2 and 7 G {-1/2, 3/2}. 
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Then we have: 

Proof. By LemmalU there exists an isomorphism : ^s((2)(^«+Z) Gsi{2){^Z+v)- 
Obviously we have Gwi^tl x ^t\^l+v) C g,ii2)i^i' x J and by the 

previous lemma we also have (j)*Qw{^i' x n^^^nl'l) C ^s((2)(^^^' x Q^^ni^^). 

By condition (i) and Lemma [6l the two subspaces Gwi^u x f^^^,^Z+v) 
and 0*^w(^t^ X intersects trivially, thus we have 

dim^w(i^^^ X nt-,ni^,) + dimgMni^ x nt-,nl-i) < 

dim^„(2)(fit^ x^]^^^]Z+J. 

By conditions (i), (ii) and (iii), Lemma EH we have dim ^^[(2) x 
fl^^, 0,1^^) < 1, which proves the lemma. 

□ 

7.2 Necessary condition for G,i[2){^i' x ^l+v) ^ 
Recall the notations of the previous section. For /c = 1, 2, set 



ak{x,y) = (x + kSi){y - H2), 

bk{x, y) = k^{6i + 52--i-8l- 5l + 7^) - 2xy, 

Ck{x, y) = {x- k5i){y + ^2)- 

Given an auxiliary integer I, set Aii{x,y) = ai{x + l,y — I), Bii{x,y) = 
bi{x + l,y — I) and Cii{x, y) = Ci{x + l,y — I) and set 



/Ai,5(x,y) 5i,5(a;,y) Ci,5(x,i/) \ 

Ai^4^{x,y) Bi^i{x,y) Ci^i{x,y) 

^ Ai,3(x,?/) Bi-i{x,y) Ci-i{x,y) 

A,2(a;,y) Bi^2{x,y) Ci,2(x,?/) 

^2,4(3;,?/) B2,i{x,y) C2,4(a;,|/) 

V A2,3(X,I/) 52,3(x,y) C2,3(X,2/)/ 

Moreover set 

D5i,<52,7(a;, y) = detM. 

In what follows, we will consider Y)s^,&2ni^iy) as a polynomial in the 
variables x and y, with parameters ^2 and 7. 
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Lemma 25. If G,H2){^i' x ^1^01^,) ^ then Ti^^Mni^^v) = 0, for all 
{x,y)eC^. 

Proof. Assume that ^w(^u ^ fll^,fl1+v) 0- Thus there exists a Lq- 
equivariant bihnear map vr : Qf^ x whose germ is a non-zero 

element of ^s[(2)(fiu x fi^^^ For (x, y) ^ uxv, define the scalar X{x, y) 

by the identity 

7r(ef.Sef)=X(a;,y)e^+,. 
Set X(x,2/) = (X(x + 6,y-6),X(x + 5,?/-5),...,X(x + l,2/-l)). Using 
Lemmas [TSl and 120] there exists (xo,yo) such that 

(i) {X{x + 2, y - 2), X(x + 1, y - 1)) ^ 0, and 

(ii) M.*X(x,y) = 0, 

for all {x,y) G C(xo,|/o)- The first assertion implies that X(x, 7^ for 
any (x,?/) G C(xo,?/o)- Thus det M vanishes on C(xo,yo)- Since C(a;o,?/o) is 
Zariski dense, D^^ = 0, for all G C^. 

□ 

7.3 Zeroes of the polynomials (52, 7) 

Define the polynomials p.tj(5i, ^2, 7) by the identity 

D^i ,,52,7(3;,?/) = Y.i,jPi,j{^i^^2,l)x'yK 
Since the entries of the matrix M are quadractic polynomials in x,?/,5i,(52 
and 7, D5^^52^^(x, I/) is a polynomial of degree < 12. Set 

52, 7) = (5i + ^2 + + ^2 - 7)(5i + ^2 + 1 - 7)(<^i + 52-1 + 7)- 

Lemma 26. ("zj VFe /iat^e Pij(5i, ^2, 7) = Pi,i(5i, ^2, 1 - 7); 
(^nj Eac/i polynomial Pij{6i, 62, •y) is divisible by C {61,62, ■j). 

Proof. All entries of the matrix M are invariant under the involution 7 1— >• 
1 — 7, so we have 

D5i,52,7(a;,?/) = D5j,52,i_-^(x,?/) 
which implies the first assertion. 

It follows from Lemma fTTl that ^^(^^u x fll^,flZ+v) whenever 7 = 
5i + ^2 or 7 = 5i + ^2 + 1- 

Hence by Lemma [25| as a polynomial in 61, 62, 7, x and y, D^^^^^.il^, 2/) is 
divisible by ^2, 7), where Z)((5i, ^2, 7) = (5i + ^2 - 7)(5i + ^2 + 1 - 7)- 

By the first assertion, it is also divisible by -D(5i, ^2, 1 — 7). Since we have 

C(5i, 62, 7) = D{6^, 62, i)D{6^, 62, 1 - 7) 
each is divisible C{6i,62,'~i). □ 
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Denote by r the involution {Si, S2, 7) t-> {61,62, 1—7)- Let 3 C be the 
following set 

3 = (Uo<.<i U HI) U(Ui <i<4 l<i<2 
where the planes Hi, the lines Di and the points Pi are defined in Section 
14.51 For a polynomial /, denote by Z{f) its zero set. 

Lemma 27. We have ^(^1,3) H ^(^3,1) ^ ^(^2,2) C 3- 

The proof requires the explicit computation of Dsi,S2,-y(^^ v) ~ 
we have used MAPLE for this purpose. The next proof contains the explicit 
expressions of pi,3,P3,i and p2.2- The whole expression for det M is given in 
Appendix A. 

Proof. Step 1: By Lemma [26l there are polynomials qij such that 

Pij{6i, 62, 7) = C{5i, 82, l)qij{5i, 82, 7). 
Since Z{C) is the union of the four planes Hq, Hq, Hi, HI, it remains to prove 
that Z(gi,3) n Z(g3,i) n ^(^2,2) C 3- 
Using MAPLE, it turns out that 

92,2 =7'(1 - 7)' + 27(1 - l){8l + 5l - 251^2 - 2(5i + 82) + 4) 
+ {8l + 8t - A8M81 + 8l) + 385^52) - 4(5i + ^2)' 
- {l?,{8l + 8l) - Q8182) + 4(5i + 52) + 12, 

-^gi,3 =5i(5i - 1)[7(1 - 7) + 5} + ^2' - 45i52 + 3(5i - 52) + 2]. 



-^53,1 =(^2(52 - 1)[7(1 - 7) + 5! + ^2 - 451^2 - 3(5i - 82) + 2], 



The previous expressions provide (miraculous) factorizations 
-|gi,3 = L1L2Q and -|g3,i = L'^L'^Q' 
where Li,L2,L[, and L'2 are degree one polynomials and Q and Q' are 
quadratic polynomials. We have to prove that Z{P) fl Z{P') fl ^'(^2,2) C 3 
for any factor P of gi,3 and any factor P' of ^3,1. This amonts to 9 cases, 
which will be treated seperately. 

Step 3: proof that Z{L,) n Z{L'-) n ^(^2,2) C 3, Vz, j G {1, 2}. 



34 



We claim that, in each case, the intersection consists of 4 points lying in 
3- Since the four cases are similar, we will only consider the case where the 
first factor is 6i and the second one is 

For a point (0, 0, 7) G Z{6i) ft ^(^2) H ^(^2,2), we have 

92,2(0, 0, 7) = 7'(1 - 7)' + 87(1 - 7) + 12=0. 
Thus we have 7(1 — 7) = — 2 or —6. It follows that Z{6i) fl Z{S2) H ^(^2,2) 
consists of the four points (0, 0, —2), (0, 0, —1), (0, 0, 2), (0, 0, 3) which are all 
in 3- 

Step 4: proof that Z{Li) n Z{Q') n ^(52,2) C 3, Vi G {1, 2}. 

More precisely, we claim that the planar quadric Z{Li) fl Z{Q') consists 
of two lines which are both in 3- Since the two cases are similar, we will just 
treat the case where the factor Li is 61. We have 

Q'(0,52,7) =7(l-7) + 52 + 352 + 2 

= -(7 + 52 + l)(7-52-2), 
which proves the claim. It follows that Z{Li) fl Z{Q') fl ^'(52,2) C 3- 

Step 5: Proof that Z{Q) n Z{L'j) n ^(^2,2) C 3, Vj G {1, 2}. 

This case is identical to the previous one. 

Step 6: Proof that Z{Q) n Z{Q') f] ^(^2,2) C 3- 

Indeed Q' — Q is a scalar multiple of — 62 and therefore Z{Q) fl Z{Q') 
is (again miraculously) a planar quadric. 

We have Q{S, 6, 7) = 7(1 - 7) - 26^ + 2, so Z{Q) n Z{Q') is the sets of all 
(5, S, 7) G such that 7(1 — 7) = 26^ — 2. Since 92,2 (f^, 7) is a polynomial 
in 5 and 7(1 — 7) we can eliminate 7(1 — 7). We have 

^2,2(5,5,7) = 125(35 + 2)(5- 1)2 
for any {6,6,-f) G Z{Q)nZ{Q'). It follows that Z{Q)nZ{Q')nZ{q2,2) consists 
of the 6 points (1, 1, 0), (1, 1, 1), (0, 0, -1), (0, 0, 2), (-2/3, -2/3, -2/3) and 
(—2/3, —2/3, 5/3). Since there are all in 3, the proof is complete. 

□ 

With more care, it is easy to prove that f] Z{pij) is precisely 3 but this 
is not necessary for what follows. 

7.4 Determination of QwiM x N, P) 

Recall that 3* the set of all (51,52,7) ^ 3 such that {5i,52,7} (t {0, 1}. Let 
M, N and P be in S. In order to determine Qw{M x A^, P) we will always 
assume that 

Supp P = Supp M + Supp N. 
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Otherwise ^w(^ x N,P) would be obviously zero. Next let Si G degM, 
62 G degA^ and 7 G degP. 

Theorem 2. We have 

(i) dim^w(^ ^ N,P) = 2 if {5i, 82, 7} C {0, 1}, and the maps tti, 112 of 
Lemma [77] form a basis of this space, 

(a) dim^w(M X N,P) = 1 if {61,62,^) G f and the map re of TableUl 
provides a generator of this space, 

(Hi) dim^w(^ x N, P) = otherwise. 

Proof. Set u = Supp M and v = Supp A^. By Lemmas [3] and [5l we can 
assume that M = iV = ilf^ and P = fll^^. 

Step 1: We claim that ^2, 7) belongs to 3 if ^w(M xN,P) ^ 0. 

Assume that g^^{M x N,P) ^ 0. Since Gsi{2){M x N,P) ^ it follows 
from Lemmas [25] and [271 that {61,62,'y) belongs to 3- It is clear from its 
definition that 3 C 3 U 3"^. Hence 62, 7) or {61,62,1 — 7) belongs to 3. 

When {61, (52, 1 — 7) ^3 the claim is proved. Moreover if 7 = 0, 1/2 or 1, 
we have gw{^l+.) = QwK~+l) and thus G^ini^ x ^1^,^1X1) = Gwi^t' x 
fl^^ , , which proves the claim in this case. Therefore, we can assume 
that {61, 52, 1 - 7) e 3 and that 7 ^ {0, 1/2, 1}. 

By Lemma [TTI we have ^w(^u x ^ 0. Therefore it follows 

that 

dim6;w(^^^^ X + dim6;w(^^^ x > 2. 

By Lemma [21] we have 

(i) 5i = -1/2, 62 G {0, 1} and 7 G {-1/2, 3/2}, or 

(ii) 61 G {0, 1}, 62 = -1/2, and 7 G {-1/2, 3/2}. 

These 8 possible triples for {61,62,'j) belong to 3 and therefore the claim is 
proved. 

Step 2: Assertion (i) follows from Lemma [22] From now on, we can 
assume that {6x, 62, 7} t {0, 1}. It follows that dim^w(^^^' x = 

or 1. In particular Assertion (ii) and (iii) are equivalent and it is enough to 
prove the first one. 

If {61, 62, 7) G 3* we have g^^{nl^ x^l^nl^^) 7^ by Lemma[II]and there- 
fore dim^w(^^^^ X = 1. Conversely if dim^w(^^i^ x nt^nl^,) = 1 
it follows from the previous step that {61, 62, 7) belongs to 3*. Thus assertion 
(ii) is proved. □ 
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8 On the map Bw(M xN,P)^ Qw{M x A^, P) 



Let M,N and P be in S. The space Qw{M x N,P) has been determined 
by Theorem 2. In particular Qw{M x N,P) has always dimension 0, 1 or 
2. In the Sections 8-10, we determine which germs fi G Qw{M x N,P) 
can be lifted to a W-equivariant bilinear map tt : M x N P. Since the 
final result contains many particular case, it has been split into two parts. 
Indeed Theorem 3.1 (in Section 9) involves the case where Q^\r{M x N,P) 
has dimension one, and and Theorem 3.2 (in Section 10) involves the case 
where Q-w{M x N,P) has dimension two. In this section, we recall general 
facts and conventions used in Sections 9 and 10. 

8.1 Germs and ©s-symmetry 

Let M, N,P ^ S. Recall the exact sequence: 

^ B%^{M xN,P)^ Bw(M X iV, P) ^ ^w(M xN,P). 
Determining the image of the map Bw(^ x N, P) ^ Qw{M x N, P) is 
easy, but it requires a very long case-by-case analysis. It would be pleasant 
to use the ©s-symmetry to reduce the number of cases. Unfortunately the 
definition of Q^^{M x N,P) is not ©s-symmetric. However, set 
Bw(M X N,P)= Bw(M X A^,P)/B^(M x N,P). 

Lemma 28. For any M, N and P E S, we have 

Bw(M X A^, P*) = Bw(M X P, N*) 

Proof. By Lemma [9l the space B^(M x N,P*) is exactly the space of de- 
generate W-equivariant maps from M x N to P*. Hence B^(M x N,P*) 
and Bw(Af x A^, P*) are fully symmetric in M, and P. □ 

8.2 List of cases for the proof of Theorem 3 

Start with a general result: 

Lemma 29. Let M, and P E S be irreducible 'W -modules. We have 
Bw(M X A^,P) ^ ^w(M X A^,P). 

Proof. Looking at Table [21 it is clear that B^(M x N,P) = whenever 
M, A^ and P are irreducible. Moreover, it is clear from Table [1] that any 
germ can be lifted. □ 
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Let M,N and P E S. In order to determine Bw(-/W' x N,P), we will 
always tacitely assume that QwiM x N,P) ^ 0. By the previous lemma, 
we can assume that at least one module is reducible, i.e. in the AB-i&mAy. 
As usual, we will assume that all modules are indecomposable. Using the 
63-symmetry, we can reduce to the following 6 cases: 



1. 


deg 


\M = 


degN = {0, 1} and degP 




2, 




2. 


deg 


■M = 


degA^ = {0, 1} and degP 




3, 




3. 


deg 


[M = 


{0, 1}, deg = 5 and deg 


P 




5 with 5 gC\ {0,1}. 


4. 


deg 


■M = 


{0, 1}, deg A^ = 6 and deg 


P 




5 + 1 with 5 e C \ {0, 1} 


5. 


deg 


[M = 


{0, 1}, deg A^ = 5 and deg 


P 




6 + 2 with (5 G C \ {0, 1} 


6. 


deg 


■M = 


degA^ = degP = {0,1}. 









The cases case 1-5 are treated in Section 9. In this case, we have dim Q^fl^{Mx 
N,P) = 1, so it is enough to decide if Bw(^ x A^, P) is zero or not. The 
case 6 is treated in section 10. In this case, Qw;{M x A^, P) is two dimensional 
and the analysis is more involved. 

8.3 Typical argument for the proof of Theorem 3 

Let M E S and let u be its support. In Sections 9 and 10, we will denote by 
{e^)xeu a basis of M as in Section [H 

The proofs of Theorems 3.1 and 3.2 are given by several lemmas and a re- 
peated procedure, that we call an argument by restriction, which is described 
as follows. 

For an integer d E Z>i, the subalgebra W*^^^ := 0„CL(i„ is isomorphic 
to W. Let M be a W-module in the class S and let x E Supp M. The 
subspace 

M,(x):= My 

x—y^dL 

of M is a W*^"') -module. Moreover, when x ^ rfZ, Md{x) is irreducible. 

Now, let M, A^ and P be W-modules in the class S, let x E Supp A/, y E 
Supp A^ and let 7f e (M X A^, P) . Since Q^i,) ( X x y, Z) ~ B ^k^) ( AT x F, Z) 
whenever X, Y and Z are irreducible W'^'^^-modules of the class S, vf has 
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unique lifting tt to Mii{x) x N^iy) whenever x,y,x + y ^ dZ. Hence, varying 
d and x,y, we see that '/r(e*'^,e^) is uniquely determined by vf whenever 
x,y,x + y ^0. 

9 Computation of Bw(A^x^, ^) when dim ^w(^^x 
N,P) = 1 

9.1 The Theorem 3.1 

The following table provides a list of triples (M, A^, P) of W-modules of 
the class S and one non-zero element vr G Bw(^ x N,P). Since for each 
entry (M, iV, P) of Table E] we have degM or degiV or degP 7^ {0, 1}, the 
corresponding tt is a basis of B^fl/■{M x N,P). 

In what follows, we denote by d^ and d^ the natural maps: 
c/« : ^ and d^ : ^ fi^. 

Conversely, we have 

Theorem 3.1 Lei M,N and P be W-modules of the class S with degM 
or degN or degP ^ {0, 1}. Then B-w(^ x N, P) has dimension one if the 
triple (M, A^, P) appears in Tablel^ Otherwise, we have Bw(Af x N,P) = 0. 

9.2 The case deg M = deg iV = {0, 1} and deg P = 2 

In this case, there can be five subcases as follows: 

1. (M, N, P) = {A^, fio , nl) with u^O mod Z, 

2. (M, N, P) = {B^, , nl) with u^O mod Z, 

3. {M,N,P) = {A„A^,nl), 

4. (M,7V,p) = (A„i?5,fi2), 

Lemma 30. Let M, N, P be W-modules of the class S as above. Then 
Bw(M X N, P) IS trivial iff (M, iV, P) = (A^, Ag, ^^00 and r]^ 00 
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Table 3: Non-zero Bw(M xN,P), when degM, degiV or degP 7^ {0, 1} 





M X N or N X M 


p 


n 


1. 


ni^ X ni^ 


r)di+d2 

n+t' 


p<5i,<52 


2. 


ni- X ni^ 


Qdl+<)2+l 


R<5i,(52 

U V 


3. 


X ni 




BZiO 


4. 




^€ 




5. 




li + f 


G 


6. 


B. X fif 

? U 




P'f (4 X id) 


7. 








8. 


B^ X ni 




Po\': (rf^ X td) 


9. 








10. 


Aj, X B^ 




Boiiv) (^f^ X c/^) 


11. 




A, 


d^oB',-\v) 


12. 


B^ X fig 1 




B^l,\rj){d^xtd) 


13. 


P,, X B^ 


nl 


^0,0 ° (C^r, X 4) 


14. 






(i^ Pq^'o~^ (c/^ X ic/) 


15. 


Br, X B^ 


nl 


Pg'o {dn X d^) 


16. 


■Bfj X 




d^ Po'o"^ ° (dv X '''d) 



The degree condition implies the foUowing restrictions: {^i, ^2) ^1 + ^2} {0, 1} in hne 
Ij (^1) '^2) 7^ (0, 0) in hne 2, (5 7^ in hnes 3 and 4, and 5 7^ 0, 1 in hnes 6 and 7. 

Proof. By Table El except for the case 3 with 77 = 00 or ,^ = 00, we have 

dimBw(^ X N,P) = 1. Hence, we show the proposition in the case 
(M,iV,P) = (A„A^,fi2). 

Let (a, 6) and {c,d) be projective coordinates of 77,^ G P^, respectively, 
and let {e^}, {e^} and {e^} be basis of Aa^, A^^a and fig, respectively, as in 
Section 1.1. Assume that Bw(^x A^, P) ^ 0. By an argument by restriction, 
one sees that there exists vr G Bw(^-^ x A^, P) such that 7r(e^,e^) = e^_,_„ 
whenever m, n, m + 7^ 0. It can be checked that this formula extends to 
the case m,ra 7^ 0. Set 7r(e^,e^) = Xi{m)e^ and 71(6^^,6^) = X2{m)e^ for 
m 7^ 0. Calculating L„.7r(e^, e^) for = 1, 2, one obtains 

(m + 2n)Xi{m) = (m + n)Xi{m + n) + en? + 
from which we have Xi{m) = —cm + d. Similarly, one also obtains X2{m) = 
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—am + h. By calculating Lm.vr(e^, e^), we obtain ac = 0. □ 
9.3 The case deg M = deg iV = {0, 1} and deg P = 3 

In this case, there can be five sub CclSGS cLS follows: 

1. (M, A^, P) = (Ag, , nl) with u^O mod Z, 

2. (M, N, P) = {B^, fio , nl) with n ^ mod Z, 

3. {M,N,P) = {A^,A„nl), 

4. (M,iV,P) = (A5,5„l]3), 

5. {M,N,P) = {B^,B„nl). 

Lemma 31. Let M,N,P be W -modules as above. Then Bw(^^ x N,P) is 
trivial iff (M, iV, P) is one of the following types: 

1. {M,N,P) = {A!:,Ql,Ql) with i^oo and OmodZ, 

2. {M,N,P) = {A^,A^,nl) with (e,r/) ^ (oo,cx)), 

3. (M, A^, P) = (Ag, Br,, nl) with ^ ^ oo. 

Proof By Table El it is clear that Bw(M x A^, P) is trivial only if (M, N, P) 
is one of the three cases in Lemma 1311 Hence, it is sufficient to show that, 
for these three cases, Bw(^ x N, P) is trivial. 

The proof for the first and third cases are similar to that of Lemma [30] 
and is left to the reader. The second case can be proved as follows. 

Choose any r G P"*^. Any non-degenerate vr G Bw(^»; x A^, fl^) induces a 
non-degenerate bilinear map n' G Bw(^r/ x Bt-,QI), by composing with the 
map Bt- ^ A A^. It follows from the first case that rj = oo. Similarly, we 
have ^ = oo. □ 
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9.4 The case deg M = {0, 1}, deg iV = ^ and deg P = (5 + 2 
with ^ G C \ {0, 1} 

In this case, there can be two subcases as follows: 

2. {M,N,p) = {B^,nlni+^). 

Lemma 32. Let M, A^, P he W -modules as above. Then, Bw(Af x A^, P) is 

trivial iff M = with C, ^ oo and 5 7^ —1. 

The proof is similar to that of Lemma [301 

9.5 The case deg M = {0, 1}, deg iV = J and deg P = J + 1 
with (5 G C \ {0, 1} 

In this case, there can be two sub CcLSGS clS follows: 

1. {M,N,p) = {A^,nlni-^'), 

2. {M,N,p) = iB^,nlni+'). 

Looking at the lines 3 and 6 in Table [31 we obtain 

Lemma 33. Let M, N, P be -modules of the class S as above. Then 
dimBw(M x N,P) = 1. 

9.6 The case degM = {0,1}, degN = 5 and degP = 5 
with (5 G C \ {0, 1} 

In this case, there can be two subcases as follows: 

1. iM,N,p) = iA^,nlni), 

2. iM,N,p) = iB^,nlni). 

Lemma 34. Let M,N,P be W -modules as above. Then, dimBw(^ x 
N,P) = 1 tffM = B^. 

The proof is similar to that of Lemma [301 
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10 Computation of Bw(MxA^, P) when dim^w(Mx 
N,P) = 2 

10.1 The Theorem 3.2 

The following table provides a list of triples (M, A^, P) of W-modules of the 
class S and some elements it G Bw(^ x N,P). For each entry (M, A^, P) 
we have deg M = deg = deg P = {0, 1} 

Table 4: The non-zero Bw(M x A^, P), with degM = deg A^ = degP = 
{0,1} 





Af X A^or N X M 


P 


Elements of Bw(M x A^, P) 


1. 






P0'° o{dx id) and pO'° o {id x d) 


2. 






pU,U 


3. 






pO,i 

u,0 


4. 


X . 






5. 


P^xf^o 




Po^;: O (d^ X id) 



To avoid repetitions, one can assume that ^ OO in lines 4 or 5 
From the table, it is clear that 

(i) If (M, A^, P) appears in line 1 of the Table HI the two listed elements 
of 'Q^fif{M X N, P) are linearly independent and therefore B^jv{M x N, P) has 
dimension 2, 

(ii) if (M, A^, P) appears in lines 2-5 of the Table IH the listed element of 
Bw(^ X N, P) is not zero and therefore Bw(Af x A^, P) has dimension > 1. 

Indeed, we have 

Theorem 3.2 Let M, N and P be W-modules of the class S with degM = 
degA^ = degP = {0, 1}. r/ien _ 

(i) if (M, A^, P) appears in line 1 of the Tahle^ we have dimBw(M x 
A^,P) = 2, 

(ii) if {M, N, P) appears in lines 2-5 of the Table\^ we have dimBw(Mx 
N,P) = 1, 

(Hi) otherwise, we have Bw(M x N,P) = 0. 
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In order to prove Theorem 3.2, note that the case where M, and P are 
irreducible is aheady treated in Lemma 1211 Thus, up to the ©a-symmetry, 
there are only three cases to consider: 

1. (M, N) = (A^i, AgJ and P = oi P = B^, 

2. (M, A^) = {B^„B^^) and P = or P = P53, 

3. (M, A^) = {nl, n\) with u ^ OmodZ and P = or P = B^. 
These cases will be treated in the next three subsections. 

10.2 The case (M, N) = {A^^, A^.J 

Lemma 35. Any bilinear map in Bw(^5i x ^^2; -P)? where P is in the AB- 
family, is degenerate. 

Proof. Any module P in the AP-family admits an almost-isomorphism to a 
module of the A- family. So we can assume P ~ ^4^3 for some .^3 in P^. 

Fix a basis {e^}, {e^} and {e^} of M = Ag,, A^ = Ag, and P = 
y4^3, respectively, as in Section 11.11 We have L.i.Cq^ 7^ or Li.e^' 7^ 0. 
Since both cases are similar, we case assume that L^icUq^ 7^ 0. Using that 
L„i.ef = L„i.ef = 0, we obtain that 7r(L„i.ef , ef ) = L_i.7r(ef , ef ) - 
7r(eo^, L_i.e^) = 0, hence we have 

7r(e^^i,ef) = 0. 

Since M<_i (respectively A^>i) is an irreducible Verma s[(2)-module (re- 
spectively the restricted dual of an irreducible Verma s[(2)-module), it follows 
that M^_i®N>i is generated by e^^^®ef . Hence we get 7r(M<_i x A^>i) = 0. 
Since A^>i is a W>o-submodule and since A is the W>o-submodule generated 
by M<_i, we have 

Ti(A X A^>i) = 0, 

from which it follows that tt is degenerate. □ 

10.3 The case (M, N) = (5^^, 

Recall that o Pq ^ is a non-degenerate bilinear map from Poo x -Boo — ^ 
for any ^ G P^. Let .^1,^2 and ^3 G P^, and let s be the number of indices i 
such that = 00. 

By 63 symmetry, Bw(-B^i x B^.^,A^^) is not zero s > 2. More precisely, 
we have: 
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Lemma 36. We have 

(i) diniBwl-B^i x B^^.A^^) = s — 1 if s > 2 
(a) dimBw(-B5i x B^^,B^^) = 1 if s = 3 

(Hi) dimBw(-B^i x -8^25 ^^3) = dimBw(-Bgi x B^2,B^.j) = otherwise. 

Proof. Let (a, b), (c, d) and (e, /) be projective coordinates of ^1, ^2 and ^3 e 
P"*^, respectively, and fix a basis {e^}, {e^} of M = Ba^i, and N = Bc,d, 
respectively, as in Section [LTl 

First, we consider vr G Bw(-Ba,fe x i?c,d, -P) with P = -Be,/- Let {e^} be a 
basis of as in § II. 1[ By calculating L_„.7r(e^-'^, e^) and L_„.7r(eQ^, e^), 
we see that = ^^2 = ■Cs ^ P"*^- Hence, we may assume that (a, 6) = (c, rf) = 
(e, /) without loss of generality. Similarly, by calculating Lm-vr(e*'^, e^) 
and Lm.vr(e^, e^), we see that there exists a constant C G C satisfying 
7r(e^,e^) = Ce^ = n{eQ^,e^) for any m. It can be shown that such a W- 
equivariant map exists only if a = or C = 0. In the former case, vr is a 
scalar multiple of Pqq- In the latter case, vr factors through A x A and one 
can apply a similar argument to the latter half of the proof of Lemma [35] to 
see that vr is degenerate. 

Second, we consider vr G i?w(-Ba,6 x Bca.P) with P = A^j. Let {e^} 
be a basis of Agj as in § 11.11 By an argument by restriction, one sees that 
there exists constants Ci,C2 G C such that 7r(e^,e^) = (Cim + C2n)e^_^_^ 
for m,n,m + n 7^ 0. Set 7r(e^,e^) = a(m)e^, 7r(eQ^, e^) = b{m)e^ and 
7r(e^, e:!^^) = c(m)e^. It is clear that a(0) = 6(0) = c(0) = 0. By calculating 
L_„.7r(e^, e^) with m,n, m + n 7^ 0, one obtains that a{m) = —d~^Cim if 
c = and that a(m) = Ci = otherwise. Similarly, on obtains that h{m) = 
—h~^C2'fn if a = and that h{m) = C2 = otherwise. Finally, by calculating 
Ln.n{e^,e^^) with n 7^ ±m, on obtains that c(m) = — (Ci — C2)/~^m if 
e = and that c(m) = and Ci = C2 otherwise. Hence, it follows that 
dimBw(-Ba,6 x P^d, A^j) is equal to if s < 1 and is less than s — 1 if s > 2. 
Now, for s > 2, the result follows from Table HI □ 

10.4 The case (M, N) = (Q^, with u e C/Z 
The next lemma can be proved in a way similar to the proof of Lemma [301 

Lemma 37. Let ^ G We have 

(i) dim Bw(f^° X Vt\, A^) = 2 and dim Bw(f^° x A^) = I if ^^00. 
^M;dimBw(f^°xl]0„,5oo) = 1 anc? dim Bw(^^°x 5^) = ^ 00. 
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11 Conclusion 



From the classification, we can derive the following corollaries, some of which 
are used in |IM] . 

Corollary 1. The primitive bilinear maps between modules of the class S 
are the following: 

(i) the Poisson products P^^^^^ , 

(a) the Poisson brackets -Bf^/^ for 61.62- {Si + 62) 7^ 
(Hi) the Lie brackets -B^^/^(.^) for 6i.62-{6i + ^2) = and ^ ^ 00 if 61 = 
62 = ^, 

(iv) Qoo, 

(iv) the Grozman operation Gu,v, 

(vi) ^7(^1, ^2, ^3) /or ^1,^2 and ^3 are all distinct, and their & 3- symmetric 

(vii) the obvious map P^^ , and their & 3- symmetric. 

This follows easily by closed examination. 

Corollary 2. Let M, N, P e S* such that B%^{M x N,P) ^ 0. Then the 
number of reducible modules among M, N and P is 1 or 3. 

Proof. Let tt G B^(M x A^, P) be non-zero. It follows from Theorem 1 that 
the three modules are reducible whenever Supp vr is not one line. Otherwise, 
we can assume that. Assume Supp it = V. Then M, which admits a trivial 
quotient is reducible. Moreover, there is an almost-isomorphism (p : N ^ P, 
which proves that and P are simultaneously reducible or irreducible. □ 

Corollary 3. Let M, N, P eS*. //Bw(M x N,P) ^ 0, then we have 

(deg M, deg A^, deg P) G 3. 

Proof. If Q^fl^{M X N,P) 7^ 0, then the corollary follows from Theorem [2j 
Otherwise, we have B%^{MxN, P) ^ 0. If {deg M, de g A^, de g P} C {0, 1}, 
then (deg M, deg A^, deg P) belongs to 3. Otherwise, Supp vr is one line for 
any non-zero vr G B^(M x N,P). By the ©3-symmetry, we can assume that 
Supp TT = V. In such A^ is isomorphic to P and we have deg M G 

{0, 1} and deg A^ = deg P ^ {0, 1}. It follows that (deg M, deg A^, deg P) 
belongs to 3 as well. □ 

Let M, N, P & S. The triple (M, A^, P) is called mixing if we have 
B^(M X A^, P) 7^ and Bw(M x A^, P) ^ 0. Here is a table of example of 
mixing triples: 
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Table 5: Example of mixing triples (M, A^, P) 



M X N OT N X M 


p 


A non-degenerate vri 


A degenerate 7r2 


n^xnl 


u 


pU,i 
«,0 


(/, a) (Res 




"0 


pO,U 


^ Res fdg 



Corollary 4. 74ny mixing triple (M, A^, P) appears in the Table and in 
each case tti and 1x2 form a basis o/Bw(^ x N,P). 

The corollary follows immediately from Tables [2] and El 

Corollary 5. For any triple (M, A^, P) of indecomposable -modules in the 
class S, we have dimBw(Af x N,P) < 2. 

This follows easily from Theorem 1, Theorem 2 and the previous corollary. 
Note that the hypothesis that M, N and P are indecomposable is necessary. 
For example we have dim Bw(-^ x X, X) = 4 if X = Z © C. 

A Complete expression for 05^^2,7(^5 v) 

Recall that D^^ 52,7 = det M, where M is a 6 x 6 matrix whose entries are 
polynomials of degree 2 in x, 11,61,62 and 7. The appendix provides the 
explicit formula for D. 

It is quite obvious that Y)si,s2,'y{x, u) = ^Si,S2,'yi^^ ~ ~y + ''')■ Thus, in 
order to provide more compact formulas, it is better to list the polynomials 
Qij defined by 

^SusU^ - r/2, y + 7/2) = 62, 7) Eij Qiji^i. ^2, 7)a:V- 
The polynomials qij are calculated with MAPLE. It turns out that the only 
non-zero polynomials are §0,0, ^0,2, ?2,o, ^1,3, ^2,2 and ga i. It follows that 
D^^ ,52,7 ^ polynomial of degree four in x and y and therefore qi^s = gi^a, 
93,1 = Q'3,1 and ^2,2 = 92,2, where the polynomials gi^s, q^^i and 52,2 are given 
in Section 17.31 The other non-zero polynomials qij are given by the following 
formulas: 
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16go,o =[(45i + 1)(452 + 1)7(1 - 7) + 16(5i + 5' - 5i(52)5i<52 

+ 4(5^ + 5l - ?,6M6i + (52)) + + ^2') - 505i(52) + ll(5i + ^2) + 2] 

X [(45i + 1)(452 + 1)7(1 - 7) + +16(5? + ^2 - 

+ A{6l + <52')(5i + ^2) - 3(5? + 52 + 65^5^) _ 7(5^ + + 6], 

-4go,2=(45i + l)V(l-7)' 

+2(45i + l)((4(5i + 1)^2' - 2(45i + l){5i + 1)82 + 45? + 55? + 25i + 4)7(1 - 7) 
+(45i + 1)^5^ - 4(45i + lf{5i + 1)52^ + (325^ + 1125? + 1425? + 525i - 13)52^ 
-(645? + 325? - 925? + 685? + 825i - 4)52 
-(45i + l)(5i - l)(5i + l)(5i + 2)(45? + 5i - 6), 

-4g2,o=(452 + l)V(l-7)' 

+2(452 + 1)((452 + 1)5? - 2(452 + 1)(52 + l)5i + 45^ + 552^ + 252 + 4)7(1 - 7) 
+(452 + 1)^5^ - 4(452 + 1)^(52 + 1)5? + (325^ + 1125^ + 14252^ + 5252 - 13)5? 
-(645| + 325^ - 925^ + 685^ + 8252 - 4)5i 
-(452 + 1)(52 - 1)(52 + 1)(52 + 2) (452 + 52-6), 



=(285?52 - 4(5i + 52)5i52 + (5? + 5^) - 205i52 - (5i + 52))7(1 - 7) 

+ 4(7(5? + 61) - 105i52)(5i52)' - 4(5? + 52^)5152 

+ (5? + 52' - 12(5? + 52)5i52 - 6(5i52)') 

+ 2(5? + 5i52 + 52)(5i + 52) - (5? + 5^ - 145i52) - 2(5i + 52). 
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